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Abstract

In [2], Gill and Zhang propose a primal-dual path-following method for general nonlinearly constrained optimization that
combines a shifted primal-dual path-following method with a projected-search method for bound-constrained optimization.
The method involves the computation of an approximate Newton direction for a primal-dual penalty-barrier function that
incorporates shifts on both the primal and dual variables. This note concerns the formulation of approximate Newton equations
for a nonlinear optimization problem in general form. These equations may be used in conjunction with a projected-search
method to force convergence from an arbitrary starting point. It is shown that under certain conditions, the approximate
Newton equations are equivalent to a regularized form of the conventional primal-dual path-following equations.
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1. Introduction

This note concerns that derivation of the primal-dual equations for a shifted primal-dual penalty-barrier merit method for
constrained optimization. These methods are intended for the minimization of a twice-continuously differentiable function subject
to both equality and inequality constraints that may include a set of twice-continuously differentiable constraint functions. A
description of the projected-search method for a problem with nonlinear inequality constraints is given by Gill and Zhang [2].
The equations are formulated for problems written in the general form:

minimize
x∈Rn,s∈Rm

f(x) subject to

{
c(x)− s = 0, LXs = hX , ℓS ≤ LLs, LUs ≤ uS ,

Ax− b = 0, EXx = bX , ℓX ≤ ELx, EUx ≤ uX ,
(NLP)

where A denotes a constant mA × n matrix, and b, hX , bX , ℓ
S , uS , ℓX and uX are fixed vectors of dimension mA, mX , nX , mL,

mU , nL and nU , respectively. Similarly, LX , LL and LU denote fixed matrices of dimension mX × m, mL × m and mU × m,
respectively, and EX , EL and EU are fixed matrices of dimension nX × n, nL × n and nU × n, respectively. Throughout the
discussion, the functions c : Rn 7→ Rm and f : Rn 7→ R are assumed to be twice-continuously differentiable. The components of
s may be interpreted as slack variables associated with the nonlinear constraints.

The quantity EX denotes an nX × n matrix formed from nX independent rows of In, the identity matrix of order n. This
implies that the equality constraints EXx = bX fix nX components of x at the corresponding values of bX . Similarly, EL and EU

denote nL × n and nU × n matrices formed from subsets of rows of In such that ET
X EL = 0, ET

X EU = 0, i.e., a variable is either
fixed or free to move, possibly bounded by an upper or lower bound. Note that an xj may be an unrestricted variable in the
sense that it is neither fixed nor subject to an upper or lower bound, in which case eTj is not a row of EX , EL or EU . Analogous
definitions hold for LX , LL and LU as subsets of rows of Im. However, we impose the restriction that a given sj must be either
fixed or restricted by an upper or lower bound, i.e., there are no unrestricted slacks1. Let EF denote the matrix of rows of In
that are not rows of EX , and let LF denote the matrix of rows of Im that are not rows of LX . If nF = n−nX and mF = m−mX ,
then EF and LF are nF ×n and mF ×m respectively. Note that nL +nU may be less than nF , but mF must equal mL +mU . The
matrices

(
ET

X ET
F

)
and

(
LT

X LT
F

)
are column permutations of In and Im. Moreover, there are n× n and m×m permutation

matrices Px and Ps such that

Px =

(
EF

EX

)
and Ps =

(
LF

LX

)
,

with EFE
T
F = IxF , EXE

T
X = IxX , and EFE

T
X = 0, and LFL

T
F = IsF , LXL

T
X = IsX , and LFL

T
X = 0.

All general inequality constraints are imposed indirectly using a shifted primal-dual barrier function. The general equality
constraints c(x)− s = 0 and Ax = b are enforced using an primal-dual augmented Lagrangian algorithm, which implies that the
equalities are satisfied in the limit. The exception to this is when the constraints EXx = bX , and LXs = hX are used to fix a
subset of the variables and slacks. These bounds are enforced at every iterate.

1This is not a significant restriction because a “free” slack is equivalent to a unrestricted nonlinear constraint, which may be discarded from the
problem. The shifted primal-dual penalty-barrier equations can be derived without this restriction, but the derivation is beyond the scope of this note.



1. Introduction 3

An equality constraint ci(x) = 0 may be handled by introducing the slack variable si and writing the constraint as the
two constraints ci(x) − si = 0 and si = 0. In this case the ith coordinate vector ei can be included as a row of LX . Linear
inequality constraints must be included as part of c. A linear equality constraint can be either included with the nonlinear
equality constraints or the matrix A. The constraints involving A may be used to temporarily fix a subset of the variables at
their bounds without altering the underlying structure of the approximate Newton equations. In this case, the associated rows
of A are rows of the identity matrix.

The optimality conditions for problem (NLP) are given in Section 2. The shifted path-following equations are formulated
in Section 3. The shifted primal-dual penalty-barrier function associated with problem is discussed in Section 4. This function
serves as a merit function for the projected-search method. The equations are formulated in Sections 5 and 6, and summarized
in Section 7. The analogous equations for the trust-region method are derived in Section 8 and summarized in Section 9.

Notation. Given vectors x and y, the vector consisting of x augmented by y is denoted by (x, y). The subscript i is appended
to vectors to denote the ith component of that vector, whereas the subscript k is appended to a vector to denote its value during
the kth iteration of an algorithm, e.g., xk represents the value for x during the kth iteration, whereas [xk ]i denotes the ith
component of the vector xk. Given vectors a and b with the same dimension, the vector with ith component aibi is denoted by
a · b. Similarly, min(a, b) is a vector with components min(ai, bi). The vector e denotes the column vector of ones, and I denotes
the identity matrix. The dimensions of e and I are defined by the context. The vector two-norm or its induced matrix norm are
denoted by ∥ · ∥. For brevity, in some equations the vector g(x) is used to denote ∇f(x), the gradient of f(x). The matrix J(x)
denotes the m×n constraint Jacobian, which has ith row ∇ci(x)T. Given a Lagrangian function L(x, y) = f(x)− c(x)Ty with y
a m-vector of dual variables, the Hessian of the Lagrangian with respect to x is denoted by H(x, y) = ∇2f(x)−

∑m
i=1 yi∇2ci(x).

The equations utilize the Moore-Penrose pseudoinverse of a diagonal matrix. In particular, if D = diag(d1, d2, . . . , dn), then

the pseudoinverse D† is diagonal with D†
ii = 0 for di = 0 and D†

ii = 1/di for di ̸= 0.
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2. Optimality conditions

The first-order KKT conditions for problem (NLP) are

∇f(x∗)− J(x∗)Ty∗ −ATv∗ − ET
X z∗X − ET

L z∗1 + ET
U z∗2 = 0, z∗1 ≥ 0, z∗2 ≥ 0,

y∗ − LT
X w

∗
X − LT

L w
∗
1 + LT

U w
∗
2 = 0, w∗

1 ≥ 0, w∗
2 ≥ 0,

c(x∗)− s∗ = 0, LXs
∗ − hX = 0,

Ax∗ − b = 0, EXx
∗ − bX = 0,

ELx
∗ − ℓX ≥ 0, uX − EUx

∗ ≥ 0,

LLs
∗ − ℓS ≥ 0, uS − LUs

∗ ≥ 0,

z∗1 · (ELx
∗ − ℓX ) = 0, z∗2 · (uX − EUx

∗) = 0,

w∗
1 · (LLs

∗ − ℓS) = 0, w∗
2 · (uS − LUs

∗) = 0,



(2.1)

where y∗, w∗
X , and z∗X are the multipliers for the equality constraints c(x) − s = 0, LXs

∗ = hX and EXx
∗ = bX , and z∗1 , z

∗
2 , w

∗
1

and w∗
2 may be interpreted as the Lagrange multipliers for the inequality constraints ELx− ℓX ≥ 0, uX −EUx ≥ 0, LLs− ℓS ≥ 0

and uS − LUs ≥ 0, respectively. The components of v∗ are the multipliers for the linear equality constraints Ax = b.

The discussion that follows makes extensive use of the auxiliary quantities

x1 = ELx− ℓX , x2 = uX − EUx, s1 = LLs− ℓS , and s2 = uS − LUs. (2.2)

In some cases x1, x2, s1 and s2 are used to simplify the expressions appearing in certain equations, in others they are regarded
as independent variables associated with the problem

minimize
x,x1,x2,s,s1,s2

f(x)

subject to c(x)− s = 0, Ax− b = 0,

ELx− x1 = ℓX , LLs− s1 = ℓS , x1 ≥ 0, s1 ≥ 0,

EUx+ x2 = uX , LUs+ s2 = uS , x2 ≥ 0, s2 ≥ 0,

EXx− bX = 0, LXs− hX = 0,


(NP)

which is equivalent to problem (NLP). In this case, the dual variables z∗1 , z
∗
2 , w

∗
1 , and w∗

2 associated with the optimality conditions
(2.1) are the Lagrange multipliers for the inequality constraints x1 ≥ 0, x2 ≥ 0, s1 ≥ 0, and s2 ≥ 0, respectively.

In the derivations that follow, the vectors z and w are defined as

z = ET
X zX + ET

L z1 − ET
U z2, and w = LT

X wX + LT
L w1 − LT

U w2. (2.3)
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3. The path-following equations

Penalty and barrier methods are closely related to path-following methods. These methods approximate a continuous path that
passes through a solution of (NLP). In the simplest case, the path is parameterized by a positive scalar parameter that may be
interpreted as a perturbation for the optimality conditions for the problem (NLP).

Let zE
1 and zE

2 , w
E
1 and wE

2 denote nonnegative estimates of z∗1 and z∗2 , w
∗
1 and w∗

2 . Similarly, let vE , xE and sE denote
estimates of v∗, x∗ and s∗. Given small positive scalars µP , µA and µB , consider the perturbed optimality conditions

∇f(x)− J(x)Ty −ATv − ET
X zX − ET

L z1 + ET
U z2 = 0, z1 ≥ 0, z2 ≥ 0,

y − LT
X wX − LT

L w1 + LT
U w2 = 0, w1 ≥ 0, w2 ≥ 0,

c(x)− s = µP(yE − y), EXx− bX = 0, LXs− hX = 0,

Ax− b = µA(vE − v),

ELx− ℓX ≥ 0, uX − EUx ≥ 0,

LLs− ℓS ≥ 0, uS − LUs ≥ 0,

z1 · (ELx− ℓX ) = µB(zE

1 − z1) + µB(ELx
E − ELx),

z2 · (uX − EUx) = µB(zE

2 − z2) + µB(EUx− EUx
E),

w1 · (LLs− ℓS) = µB(wE

1 − w1) + µB(LLs
E − LLs),

w2 · (uS − LUs) = µB(wE

2 − w2) + µB(LUs− LUs
E).



(3.1)

Let vP denote the vector of variables vP = (x, s, y, v, wX , zX , z1, z2, w1, w2). The primal-dual path-following equations are
given by F (vP ) = 0, with

F (vP ) =



∇f(x)− J(x)Ty −ATv − ET
X zX − ET

L z1 + ET
U z2

y − LT
X wX − LT

L w1 + LT
U w2

c(x)− s+ µP(y − yE)

Ax− b+ µA(v − vE)

EXx− bX
LXs− hX

z1 · (ELx− ℓX ) + µB(z1 − zE
1 ) + µB(ELx− ELx

E)

z2 · (uX − EUx) + µB(z2 − zE
2 ) + µB(EUx

E − EUx)

w1 · (LLs− ℓS) + µB(w1 − wE
1 ) + µB(LLs− LLs

E)

w2 · (uS − LUs) + µB(w2 − wE
2 ) + µB(LUs

E − LUs)


=



∇f(x)− J(x)Ty −ATv − z

y − w

c(x)− s+ µP(y − yE)

Ax− b+ µA(v − vE)

EXx− bX
LXs− hX

z1 · (ELx− ℓX ) + µB(z1 − zE
1 ) + µB(ELx− ELx

E)

z2 · (uX − EUx) + µB(z2 − zE
2 ) + µB(EUx

E − EUx)

w1 · (LLs− ℓS) + µB(w1 − wE
1 ) + µB(LLs− LLs

E)

w2 · (uS − LUs) + µB(w2 − wE
2 ) + µB(LUs

E − LUs)


, (3.2)

where the first n+m equations are written in terms of z and w such that z = ET
X zX+ET

L z1−ET
U z2 and w = LT

X wX+LT
L w1−LT

U w2.
(To simplify the notation, the dependence of F on the parameters µA, µP , µB , xE , sE , yE , vE , zE

1 , z
E
2 , w

E
1 , w

E
2 is omitted.) Any



3. The path-following equations 6

zero (x, s, y, v, wX , zX , z1, z2, w1, w2) of F such that ℓX < EL, EUx < uX , ℓS < LLs, LU < uS , z1 > 0, z2 > 0, w1 > 0, and
w2 > 0 approximates a point satisfying the optimality conditions (2.1), with the approximation becoming increasingly accurate
as the terms µP(y−yE), µA(v−vE), µB(ELx

E −ELx), µ
B(EUx

E −EUx), µ
B(LLs

E −LLs), µ
B(LUs−L2

L), µ
B(z1− zE

1 ), µ
B(z2− zE

2 ),
µB(w1−wE

1 ) and µB(w2−wE
2 ) approach zero. For any sequence of xE , sE , zE

1 , z
E
2 , w

E
1 , w

E
2 , v

E and yE such that xE → x∗, sE → s∗,
zE
1 → z∗1 , z

E
2 → z∗2 , w

E
1 → w∗

1 , w
E
2 → w∗

2 , v
E → v∗ and yE → y∗, it must hold that solutions (x, s, y, v, z1, z2, w1, w2) of (3.1)

must satisfy z1 · (x− ℓX ) → 0, z2 · (uX − x) → 0, w1 · (s− ℓS) → 0, and w2 · (uS − s) → 0, This implies that any solution (x, s,
y, v, wX , zX , z1, z2, w1, w2) of (3.1) will approximate a solution of (2.1) independently of the values of µP , µA and µB (i.e., it is
not necessary that µP → 0, µA → 0 and µB → 0).

If vP = (x, s, y, v, wX , zX , z1, z2, w1, w2) is a given approximate zero of F (vP ) such that ℓX − µB < ELx, EUx < uX + µB ,
ℓS −µB < LLs, LUs < uS +µB , z1 > 0, z2 > 0, w1 > 0, and w2 > 0, the Newton equations for the change in variables ∆vP = (∆x,
∆s, ∆y, ∆v, ∆wX , ∆zX , ∆z1, ∆z2, ∆w1, ∆w2) are given by F ′(vP )∆vP = −F (vP ), with

F ′(vP ) =



H(x, y) 0 −JT −AT 0 −ET
X −ET

L ET
U 0 0

0 0 Im 0 −LT
X 0 0 0 −LT

L LT
U

J −Im DY 0 0 0 0 0 0 0

A 0 0 DA 0 0 0 0 0 0

EX 0 0 0 0 0 0 0 0 0

0 LX 0 0 0 0 0 0 0 0

Zµ
1EL 0 0 0 0 0 Xµ

1 0 0 0

−Zµ
2EU 0 0 0 0 0 0 Xµ

2 0 0

0 Wµ
1 LL 0 0 0 0 0 0 Sµ

1 0

0 −Wµ
2 LU 0 0 0 0 0 0 0 Sµ

2



, (3.3)

where

Xµ
1 = diag(x1 + µBe), Xµ

2 = diag(x2 + µBe), Sµ
1 = diag(s1 + µBe), Sµ

2 = diag(s2 + µBe),

Zµ
1 = diag(z1 + µBe), Zµ

2 = diag(z2 + µBe), Wµ
1 = diag(w1 + µBe), Wµ

2 = diag(w2 + µBe),

}
(3.4)

with x1, x2, s1 and s2 given by (2.2). Any s may be written as s = LT
F sF +LT

X sX , where LF are the rows of Im orthogonal to the
rows of LX , i.e., L

T
F LX = 0. The vectors sF and sX are the components of s corresponding to the “free” and “fixed” components

of s, respectively. The variables LLs and LUs form a subset of sF . Throughout, we assume that s satisfies LXs − hX = 0, in
which case ∆sX = 0 and ∆s satisfies

∆s = LT
F ∆sF + LT

X ∆sX = LT
F ∆sF .

Similarly, any x may be written as x = ET
F xF +ET

X xX , where xF and xX denote the components of x corresponding to the “free”
and “fixed variables”, respectively. The variables ELx and EUx form a subset of xF . Throughout, we assume that xX satisfies



3. The path-following equations 7

EXx− bX = 0, in which case ∆xX = 0 and ∆x satisfies

∆x = ET
F ∆xF + ET

X ∆xX = ET
F ∆xF .

After premultiplying the first and fifth blocks of equations of (3.3) by EF and LF respectively, and substituting ∆x = ET
F ∆xF

and ∆s = LT
F ∆sF , the equations (3.3) can be written in the reduced form F̂ ′(vF )∆vF = −F̂ (vF ), where ∆vF = (∆xF , ∆sF , ∆y,

∆v, ∆z1, ∆z2, ∆w1, ∆w2),

HF 0 −JT
F −AT

F −ET
LF ET

UF 0 0

0 0 LF 0 0 0 −LT
LF LT

UF

JF −LT
F DY 0 0 0 0 0

AF 0 0 DA 0 0 0 0

Zµ
1ELF 0 0 0 Xµ

1 0 0 0

−Zµ
2EUF 0 0 0 0 Xµ

2 0 0

0 Wµ
1 LLF 0 0 0 0 Sµ

1 0

0 −Wµ
2 LUF 0 0 0 0 0 Sµ

2





∆xF

∆sF

∆y

∆v

∆z1

∆z2

∆w1

∆w2


= −



gF − JT
F y −AT

F v − ET
LFz1 + ET

UFz2
yF − LT

LFw1 + LT
UFw2

c(x)− s+ µP(y − yE)

Ax− b+ µA(v − vE)

z1 · (ELx− ℓX ) + µB(z1 − zE
1 ) + µB(ELx− ELx

E)

z2 · (uX − EUx) + µB(z2 − zE
2 ) + µB(EUx

E − EUx)

w1 · (LLs− ℓS) + µB(w1 − wE
1 ) + µB(LLs− LLs

E)

w2 · (uS − LUs) + µB(w2 − wE
2 ) + µB(LUs

E − LUs)


,

where HF = EFHET
F , JF = J(x)ET

F , AF = AET
F , gF = EF∇f(x), ELF = ELE

T
F , EUF = EUE

T
F , yF = LFy, LLF = LLL

T
F and

LUF = LUL
T
F . The matrices JF , AF , ELF and EUF are the columns of J(x), A, EL and EU associated with the “free” components

of x. The matrices LLF and LUF are the columns of LL and LU associated with the “free” components of s. Then scaling the
last four blocks of equations by (respectively) (Zµ

1 )
−1, (Zµ

2 )
−1, (Wµ

1 )
−1 and (Wµ

2 )
−1 gives

HF 0 −JT
F −AT

F −ET
LF ET

UF 0 0
0 0 LF 0 0 0 −LT

LF LT
UF

JF −LT
F DY 0 0 0 0 0

AF 0 0 DA 0 0 0 0
ELF 0 0 0 DZ

1 0 0 0
−EUF 0 0 0 0 DZ

2 0 0
0 LLF 0 0 0 0 DW

1 0
0 −LUF 0 0 0 0 0 DW

2





∆xF

∆sF
∆y
∆v
∆z1
∆z2
∆w1

∆w2


= −



gF − JT
F y −AT

F v − ET
LFz1 + ET

UFz2
yF − LT

LFw1 + LT
UFw2

c(x)− s+ µP(y − yE)
Ax− b+ µA(v − vE)

DZ
1(z1 − πZ

1 )
DZ

2(z2 − πZ
2 )

DW
1 (w1 − πW

1 )
DW

2 (w2 − πW
2 )


, (3.5)

where AF = AET
F are the columns of A associated with the “free” components of x, and

DY = µPIm, πY = yE − 1

µP
(c− s), DA = µAIA, πV = vE − 1

µA
(Ax− b),

DW

1 = Sµ
1 (W

µ
1 )

−1, πW

1 = µB(Sµ
1 )

−1(wE

1 − s1 + sE

1), DZ

1 = Xµ
1 (Z

µ
1 )

−1, πZ

1 = µB(Xµ
1 )

−1(zE

1 − x1 + xE

1),

DW

2 = Sµ
2 (W

µ
2 )

−1, πW

2 = µB(Sµ
2 )

−1(wE

2 − s2 + sE

2), DZ

2 = Xµ
2 (Z

µ
2 )

−1, πZ

2 = µB(Xµ
2 )

−1(zE

2 − x2 + xE

2),
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with auxiliary quantities

xE

1 = ELx
E − ℓX , xE

2 = uX − EUx
E , sE

1 = LLs
E − ℓS , and sE

2 = uS − LUs
E .

Given the definitions (2.3), the vectors ∆s and ∆wX are recovered as ∆s = LT
F ∆sF and ∆wX = [ y +∆y − w ]X . Similarly, ∆x

and ∆zX are recovered as ∆x = LT
F ∆xF and ∆zX = [ g +H∆x− JT(y +∆y)− z ]X .

4. A shifted primal-dual penalty-barrier function

Consider the shifted primal-dual penalty-barrier problem applied to (NP):

minimize
x,x1,x2,s,s1,s2,

y,v,z1,z2,w1,w2

M(x, x1, x2, s, s1, s2, y, v, w1, w2 ;µ
P , µB , yE , vE , wE

1 , w
E

2 )

subject to ELx− x1 = ℓX , LLs− s1 = ℓS , x1 + µBe > 0, z1 + µBe > 0, s1 + µBe > 0, w1 + µBe > 0,

EUx+ x2 = uX , LUs+ s2 = uS , x2 + µBe > 0, z2 + µBe > 0, s2 + µBe > 0, w2 + µBe > 0,

EXx− bX = 0, LXs− hX = 0,

where M(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2 ;µ
P , µB , yE , vE , zE

1 , z
E
2 , w

E
1 , w

E
2 ) is the shifted primal-dual penalty-barrier function

f(x)−
(
c(x)− s

)T
yE +

1

2µP
∥c(x)− s∥2 + 1

2µP
∥c(x)− s+ µP(y − yE)∥2

− (Ax− b)TvE +
1

2µA
∥Ax− b∥2 + 1

2µA
∥Ax− b+ µA(v − vE)∥2

−
nL∑
j=1

{
µB([ zE

1 ]j + [xE

1 ]j + µB) ln
(
[ z1 + µBe ]j [x1 + µBe ]2j

)
− [ z1 · (x1 + µBe) ]j − 2µB [x1 ]j

}
−

nU∑
j=1

{
µB([ zE

2 ]j + [xE

2 ]j + µB) ln
(
[ z2 + µBe ]j [x2 + µBe ]2j

)
− [ z2 · (x2 + µBe) ]j − 2µB [x2 ]j

}
−

mL∑
i=1

{
µB([wE

1 ]i + [ sE

1 ]i + µB) ln
(
[w1 + µB ]i[ s1 + µBe ]2i

)
− [w1 · (s1 + µBe) ]i − 2µB [ s1 ]i

}
−

mU∑
i=1

{
µB([wE

2 ]i + [ sE

2 ] + µB) ln
(
[w2 + µB ]i[ s2 + µBe ]2i

)
− [w2 · (s2 + µBe) ]i − 2µB [ s2 ]i

}
. (4.1)
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The gradient may be written as

∇M(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2) =



∇f(x)−AT
(
2(vE − 1

µA (Ax− b))− v
)
− J(x)T

(
2(yE − 1

µP (c− s))− y
)

z1 + 2µBe− 2µB(Xµ
1 )

−1(zE
1 + xE

1 + µBe)

z2 + 2µBe− 2µB(Xµ
2 )

−1(zE
2 + xE

2 + µBe)

2
(
yE − 1

µP (c− s)
)
− y

w1 + 2µBe− 2µB(Sµ
1 )

−1(wE
1 + sE

1 + µBe)

w2 + 2µBe− 2µB(Sµ
2 )

−1(wE
2 + sE

2 + µBe)

c(x)− s+ µP(y − yE)

Ax− b+ µA(v − vE)

x1 + µBe− µB(Zµ
1 )

−1(zE
1 + xE

1 + µBe)

x2 + µBe− µB(Zµ
2 )

−1(zE
2 + xE

2 + µBe)

s1 + µBe− µB(Wµ
1 )

−1(wE
1 + sE

1 + µBe)

s2 + µBe− µB(Wµ
2 )

−1(wE
2 + sE

2 + µBe)



,

where Xµ
1 , X

µ
2 , S

µ
1 , S

µ
2 , Z

µ
1 , Z

µ
2 , W

µ
1 and Wµ

2 are defined in (3.4). Equivalently,

∇M =



∇f(x)−AT
(
πV + (πV − v)

)
− J(x)T

(
πY + (πY − y)

)
z1 − 2πZ

1

z2 − 2πZ
2

πY + (πY − y)

w1 − 2πW
1

w2 − 2πW
2

−DY (π
Y − y)

−DA(π
V − v)

−DZ
1(π

Z
1 − z1)

−DZ
2(π

Z
2 − z2)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)



.
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The Hessian ∇2M(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2) is given by

H1 0 0 −2JTD−1
Y 0 0 JT AT 0 0 0 0

0 2GX
1 0 0 0 0 −Im 0 IxL 0 0 0

0 0 2GX
2 0 0 0 0 0 0 IxU 0 0

−2D−1
Y J 0 0 2D−1

Y 0 0 0 0 0 0 0 0
0 0 0 0 2GS

1 0 0 0 0 0 IsL 0
0 0 0 0 0 2GS

2 0 0 0 0 0 IsU
J 0 0 −Im 0 0 DY 0 0 0 0 0
A 0 0 0 0 0 0 DA 0 0 0 0
0 IxL 0 0 0 0 0 0 GZ

1 0 0 0
0 0 IxU 0 0 0 0 0 0 GZ

2 0 0
0 0 0 0 IsL 0 0 0 0 0 GW

1 0
0 0 0 0 0 IsU 0 0 0 0 0 GW

2



,

where H1 = H(x, 2πY −y)+ 2
µAA

TA+ 2
µP J(x)

TJ(x), and IxL , I
x
L , I

s
L, I

s
U are identity matrices of size nL, nU , mL, mU respectively.

In addition

GX

1 = (Xµ
1 )

−1
(
ΠZ

1 + µBI
)
, GX

2 = (Xµ
2 )

−1
(
ΠZ

2 + µBI
)
,

GS

1 = (Sµ
1 )

−1
(
ΠW

1 + µBI
)
, GS

2 = (Sµ
2 )

−1
(
ΠW

1 + µBI
)
,

GZ

1 = (Zµ
1 )

−1
(
ΠX

1 + µBI
)
, GZ

2 = (Zµ
2 )

−1
(
ΠX

2 + µBI
)
,

GW

1 = (Wµ
1 )

−1
(
ΠS

1 + µBI
)
, GW

2 = (Wµ
2 )

−1
(
ΠS

2 + µBI
)
,

with ΠZ
1 = diag(πZ

1 ), ΠZ
2 = diag(πZ

2 ), ΠW
1 = diag(πW

1 ), ΠW
2 = diag(πW

2 ), XE
1 = diag(xE

1), XE
2 = diag(xE

2), SE
1 = diag(sE

1),
W E

1 = diag(wE
1 ), W

E
2 = diag(wE

2 ), Z
E
1 = diag(zE

1 ) and ZE
2 = diag(zE

2 ).

5. Derivation of the primal-dual line-search direction

The primal-dual penalty-barrier problem may be written in the form

minimize
p∈I

M(p) subject to Cp = bC ,

where

I = {p : p = (x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2), with xi + µBe > 0, si + µBe > 0, zi + µBe > 0, wi + µBe > 0 for i = 1, 2},
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and

C =


EX 0 0 0 0 0 0 0 0 0 0 0
EL −IxL 0 0 0 0 0 0 0 0 0 0
EU 0 IxU 0 0 0 0 0 0 0 0 0
0 0 0 LX 0 0 0 0 0 0 0 0
0 0 0 LL −IsL 0 0 0 0 0 0 0
0 0 0 LU 0 IsU 0 0 0 0 0 0

 , and bC =


bX
ℓX

uX

hX

ℓS

uS

 . (5.1)

Let p be any vector in I such that Cp = bC . The Newton direction ∆p is given by the solution of the subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆pT∇2M(p)∆p subject to C∆p = bC − Cp = 0. (5.2)

Let N denote a matrix whose columns form a basis for null(C), i.e., the columns of N are linearly independent and CN =
0. Every feasible direction ∆p may be written in the form ∆p = Nd. This implies that d satisfies the reduced equations
NT∇2M(p)Nd = −NT∇M(p). However, instead of solving (5.2), we formulate a linearly constrained approximate Newton
method by approximating the Hessian ∇2M(p) by a matrix B(p) such that NTB(p)N is positive definite with NTB(p)N ≈
NT∇2M(p)N . Consider the matrix B obtained by replacing πY by y, πZ

1 by z1, π
Z
2 by z2, π

W
1 by w1, π

W
2 by w2, x

E
1 by x1, x

E
2 by

x2, s
E
1 by s1, s

E
2 by s2, z

E
1 by z1, z

E
2 by z2, w

E
1 by w1 and wE

2 by w2 in ∇2M(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2). This gives
an approximate Hessian B(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2) of the form

HB + 2
µAA

TA+ 2
µP J

TJ 0 0 −2JTD−1
Y 0 0 JT AT 0 0 0 0

0 2(DZ
1)

−1 0 0 0 0 0 0 IxL 0 0 0
0 0 −2(DZ

2)
−1 0 0 0 0 0 0 IxU 0 0

−2D−1
Y J 0 0 2D−1

Y 0 0 −Im 0 0 0 0 0
0 0 0 0 2(DW

1 )−1 0 0 0 0 0 IsL 0
0 0 0 0 0 2(DW

2 )−1 0 0 0 0 0 IsU
J 0 0 −Im 0 0 DY 0 0 0 0 0
A 0 0 0 0 0 0 DA 0 0 0 0
0 IxL 0 0 0 0 0 0 DZ

1 0 0 0
0 0 IxU 0 0 0 0 0 0 DZ

2 0 0
0 0 0 0 IsL 0 0 0 0 0 DW

1 0
0 0 0 0 0 IsU 0 0 0 0 0 DW

2



,

where HB ≈ H(x, y) is chosen so that the approximate reduced Hessian NTB(p)N is positive definite (see Section 7). Given
B(p), an approximate Newton direction is given by the solution of the QP subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆pTB(p)∆p subject to C∆p = 0.
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LetN denote a matrix whose columns form a basis for null(C), i.e., the columns ofN are linearly independent and CN = 0. Every
feasible ∆p may be written in the form ∆p = Nd. This implies that d satisfies the reduced equations NTB(p)Nd = −NT∇M(p).
Consider the null-space basis defined from the columns of

N =



ET
F 0 0 0 0 0 0 0

ELF 0 0 0 0 0 0 0
−EUF 0 0 0 0 0 0 0

0 LT
F 0 0 0 0 0 0

0 LLF 0 0 0 0 0 0
0 −LUF 0 0 0 0 0 0
0 0 Im 0 0 0 0 0
0 0 0 IA 0 0 0 0
0 0 0 0 IxL 0 0 0
0 0 0 0 0 IxU 0 0
0 0 0 0 0 0 IsL 0
0 0 0 0 0 0 0 IsU



, (5.3)

where ELF = ELE
T
F , EUF = EUE

T
F , LLF = LLL

T
F and LUF = LUL

T
F . The definition of N of (5.3) gives the reduced Hessian

NTB(p)N such that

ĤF −2JT
F D−1

Y LT
F JT

F AT
F ET

LF −ET
UF 0 0

−2LFD
−1
Y JF 2LF (D

−1
Y +D†

W )LT
F −LF 0 0 0 LT

LF LT
UF

JF −LT
F DY 0 0 0 0 0

AF 0 0 DA 0 0 0 0
ELF 0 0 0 DZ

1 0 0 0
−EUF 0 0 0 0 DZ

2 0 0
0 LLF 0 0 0 0 DW

1 0
0 −LUF 0 0 0 0 0 DW

2


,
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where JF = J(x)ET
F , AF = AET

F , ĤF = EFH
BET

F + 2
µAA

T
F AF + 2

µP J
T
F JF + 2

(
ET

LF(D
Z
1)

−1ELF + ET
UF(D

Z
2)

−1EUF

)
and DW =(

(LT
L (D

W
1 )−1LL + LT

U (D
W
2 )−1LU )

)†. Similarly, the reduced gradient NT∇M(p) is given by

gF −AT
F

(
2πV − v

)
− JT

F

(
2πY − y

)
− ELF(2π

Z
1 − z1) + EUF(2π

Z
2 − z2)

2πY
F − yF − LLF(2π

W
1 − w1) + LUF(2π

W
2 − w2)

−DY (π
Y − y)

−DA(π
V − v)

−DZ
1(π

Z
1 − z1)

−DZ
2(π

Z
2 − z2)

−DW
1 (πW

1 − w1)
−DW

2 (πW
2 − w2)


,

where gF = EF∇f(x), πY
F = LFπ

Y and yF = LFy. The reduced approximate Newton equations NTB(p)Nd = −NT∇M(p) are
then

ĤF −2JT
F D−1

Y LT
F JT

F AT
F ET

LF −ET
UF 0 0

−2LFD
−1
Y JF 2LF (D

−1
Y +D†

W )LT
F −LF 0 0 0 LT

LF LT
UF

JF −LT
F DY 0 0 0 0 0

AF 0 0 DA 0 0 0 0
ELF 0 0 0 DZ

1 0 0 0
−EUF 0 0 0 0 DZ

2 0 0
0 LLF 0 0 0 0 DW

1 0
0 −LUF 0 0 0 0 0 DW

2





d1
d2
d3
d4
d5
d6
d7
d8



= −



gF −AT
F

(
2πV − v

)
− JT

F

(
2πY − y

)
− ELF(2π

Z
1 − z1) + EUF(2π

Z
2 − z2)

2πY
F − yF − LLF(2π

W
1 − w1) + LUF(2π

W
2 − w2)

−DY (π
Y − y)

−DA(π
V − v)

−DZ
1(π

Z
1 − z1)

−DZ
2(π

Z
2 − z2)

−DW
1 (πW

1 − w1)
−DW

2 (πW
2 − w2)


. (5.4)
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Given any nonsingular matrix R, the direction d satisfies RNTB(p)Nd = −RNT∇M(p). In particular, consider the block
upper-triangular matrix R such that

R =



IxF 0 −2JT
F D−1

Y −2AT
F D

−1
A −2ET

LF(D
Z
1)

−1 2ET
UF(D

Z
2)

−1 0 0

IsF 2LFD
−1
Y 0 0 0 −2LT

LF(D
W
1 )−1 2LT

UF(D
W
2 )−1

Im 0 0 0 0 0

IA 0 0 0 0

IxL 0 0 0

IxU 0 0

IsL 0

IsU


,

where again, IxL , I
x
U , I

s
L, I

s
U are identity matrices of size nL, nU , mL, and mU respectively. Then R is nonsingular with

RNTB(p)N =



EFH
BET

F 0 −JT
F −AT

F −ET
LF ET

UF 0 0

0 0 LF 0 0 0 −LT
LF LT

UF

JF −LT
F DY 0 0 0 0 0

AF 0 0 DA 0 0 0 0

ELF 0 0 0 DZ
1 0 0 0

−EUF 0 0 0 0 DZ
2 0 0

0 LLF 0 0 0 0 DW
1 0

0 −LUF 0 0 0 0 0 DW
2


Also,

RNT∇M(p) =



gF − JT
F y −AT

F v − z1 + z2
yF − w1 + w2

−DY (π
Y − y)

−DA(π
V − v)

−DZ
1(π

Z
1 − z1)

−DZ
2(π

Z
2 − z2)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)


.
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This gives the following (unsymmetric) reduced approximate Newton equations for d:

EFH
BET

F 0 −JT
F −AT

F −ET
LF ET

UF 0 0

0 0 LF 0 0 0 −LT
LF LT

UF

JF −LT
F DY 0 0 0 0 0

AF 0 0 DA 0 0 0 0

ELF 0 0 0 DZ
1 0 0 0

−EUF 0 0 0 0 DZ
2 0 0

0 LLF 0 0 0 0 DW
1 0

0 −LUF 0 0 0 0 0 DW
2





d1

d2

d3

d4

d5

d6

d7

d8


= −



gF − JT
F y −AT

F v − ET
LFz1 + ET

UFz2
yF − LT

LFw1 + LT
UFw2

−DY (π
Y − y)

−DA(π
V − v)

−DZ
1(π

Z
1 − z1)

−DZ
2(π

Z
2 − z2)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)


.

(5.5)
Then, the identity ∆p = Nd implies that

∆p =



∆x

∆x1

∆x2

∆s

∆s1

∆s2

∆y

∆v

∆z1

∆z2

∆w1

∆w2



= Nd =



ET
F d1
d1

−d1

LT
F d2
d2

−d2

d3

d4

d5

d6

d7

d8



. (5.6)
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These identities allow us to write equations (5.5) in the form

EFH
BET

F 0 −JT
F −AT

F −ET
LF ET

UF 0 0

0 0 LF 0 0 0 −LT
LF LT

UF

JF −LT
F DY 0 0 0 0 0

AF 0 0 DA 0 0 0 0

ELF 0 0 0 DZ
1 0 0 0

−EUF 0 0 0 0 DZ
2 0 0

0 LLF 0 0 0 0 DW
1 0

0 −LUF 0 0 0 0 0 DW
2





∆xF

∆sF

∆y

∆v

∆z1

∆z2

∆w1

∆w2


= −



gF − JT
F y −AT

F v − ET
LFz1 + ET

UFz2
yF − LT

LFw1 + LT
UFw2

−DY (π
Y − y)

−DA(π
V − v)

−DZ
1(π

Z
1 − z1)

−DZ
2(π

Z
2 − z2)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)


,

(5.7)
with ∆x = ET

F ∆xF , ∆s = LT
F ∆sF , ∆x1 = ∆xF − (ℓX −ELx+x1), ∆x2 = −∆xF +(uX −EUx−x2), ∆s1 = ∆sF − (ℓS −LLs+ s1)

and ∆s2 = −∆sF + (uS − LUs− s2).
The shifted penalty-barrier equations (5.7) are the same as the path-following equations (3.5) except for the (1, 1) block,

where HF is replaced by EFH
BET

F .

6. The shifted primal-dual penalty-barrier direction

In this section we consider the solution of the shifted primal-dual penalty-barrier equations (5.7). Collecting terms and reordering
the equations and unknowns, we obtain

DA 0 0 0 0 0 AF 0

0 DZ
1 0 0 0 0 ELF 0

0 0 DZ
2 0 0 0 −EUF 0

0 0 0 DW
1 0 LLF 0 0

0 0 0 0 DW
2 −LUF 0 0

0 0 0 −LT
LF LT

UF 0 0 LF

−AT
F −ET

LF ET
UF 0 0 0 EFH

BET
F −JT

F

0 0 0 0 0 −LT
F JF DY





∆v

∆z1

∆z2

∆w1

∆w2

∆sF

∆xF

∆y


= −



DA(v − πV )

DZ
1(z1 − πZ

1 )

DZ
2(z2 − πZ

2 )

DW
1 (w1 − πW

1 )

DW
2 (w2 − πW

2 )

yF − LT
LFw1 + LT

UFw2

gF − JT
F y −AT

F v − ET
LFz1 + ET

UFz2
DY (y − πY )


.

(6.1)
Consider the diagonal matrices

DW =
(
LT

L (D
W

1 )−1LL + LT
U (D

W

2 )−1LU

)† and DZ =
(
ET

L (DZ

1)
−1EL + ET

U (DZ

2)
−1EU

)†,
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where
(
·
)† denotes the Moore-Penrose pseudoinverse of a matrix. The identity Im = LT

X LX + LT
F LF implies that the m × m

matrix DW satisfies the identities

LT
F LFDW = DW = DWLT

F LF , and LT
X LXDW = 0.

If equations (6.1) are premultiplied by the matrix

IA

0 IxL
0 0 IxU
0 0 0 IsL
0 0 0 0 IsU
0 0 0 LT

LF(D
W
1 )−1 −LT

UF(D
W
2 )−1 IsF

AT
F D

−1
A ET

LF(D
Z
1)

−1 −ET
UF(D

Z
2)

−1 0 0 0 IxF
0 0 0 DWLT

L (D
W
1 )−1 −DWLT

U (D
W
2 )−1 LT

F DW 0 Im


gives the block upper-triangular system

DA 0 0 0 0 0 AF 0

0 DZ
1 0 0 0 0 ELF 0

0 0 DZ
2 0 0 0 −EUF 0

0 0 0 DW
1 0 LLF 0 0

0 0 0 0 DW
2 −LUF 0 0

0 0 0 0 0 LFD
†
WLT

F 0 LF

0 0 0 0 0 0 H̃F −JT
F

0 0 0 0 0 0 JF DY +DW





∆v

∆z1

∆z2

∆w1

∆w2

∆sF

∆xF

∆y


= −



DA(v − πV )

DZ
1(z1 − πZ

1 )

DZ
2(z2 − πZ

2 )

DW
1 (w1 − πW

1 )

DW
2 (w2 − πW

2 )

yF − πW
F

gF − JT
F y −AT

F π
V − πZ

F

DW

(
yF − πW

F

)
+DY

(
y − πY

)


,

where H̃F = EFH
BET

F +AT
F D

−1
A AF +EFD

†
ZE

T
F , πW

F = LT
LFπ

W
1 −LT

UFπ
W
2 and πZ

F = ET
LFπ

Z
1 −ET

UFπ
Z
2 . Using block back-substitution,

∆xF and ∆y can be computed by solving the equations(
H̃F −JT

F

JF DY +DW

)(
∆xF

∆y

)
= −

(
gF − JT

F y −AT
F π

V − πZ
F

DW

(
y − πW

)
+DY

(
y − πY

)) .

Once ∆xF and ∆y are known, the full vector ∆x is computed as ∆x = ET
F ∆xF . Using the identity ∆s = LT

F ∆sF in the sixth
block of equations gives

∆s = −DW (y +∆y − πW ).
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There are several ways of computing ∆w1 and ∆w2. Instead of using the block upper-triangular system above, we use the last
two blocks of equations of (3.5) to give

∆w1 = −(Sµ
1 )

−1
(
w1 · (LL(s+∆s)− ℓS + µBe)− µBwE

1 + µBLL(s− sE +∆s)
)
,

and
∆w2 = −(Sµ

2 )
−1
(
w2 · (uS − LU (s+∆s) + µBe)− µBwE

2 + µBLU (s
E − s−∆s)

)
.

Similarly, using (3.5) to solve for ∆z1 and ∆z2 yields

∆z1 = −(Xµ
1 )

−1
(
z1 · (EL(x+∆x)− ℓX + µBe)− µBzE

1 + µBEL(x− xE +∆x)
)
,

and
∆z2 = −(Xµ

2 )
−1
(
z2 · (uX − EU (x+∆x) + µBe)− µBzE

2 + µBEU (x
E − x−∆x)

)
.

Similarly, using the first block of equations (6.1) to solve for ∆v gives ∆v = −(v − π̂V ), with π̂V = vE − 1
µA

(
A(x + ∆x) − b

)
.

Finally, the vectors ∆wX and ∆zX are recovered as ∆wX = [ y +∆y − w ]X and ∆zX = [ g +H∆x − JT(y +∆y) − z ]X , where
w = LT

X wX + LT
L w1 − LT

U w2 and z = ET
X zX + ET

L z1 − ET
U z2.

7. Summary: equations for the primal-dual line-search direction

The results of the preceding section imply that the solution of the path-following equations F ′(vP )∆vP = −F (vP ) with F and
F ′ given by (3.2) and (3.3) may be computed as follows. Let x and s be given primal variables and slack variables such that
EXx = bX , LXs = hX with ℓX − µB < ELx, EUx < uX + µB , ℓS − µB < LLs, LUs < uS + µB . Similarly, let z1, z2, w1, w2 and y
denote dual variables such that w1 > 0, w2 > 0, z1 > 0, and z2 > 0. Consider the diagonal matrices Xµ

1 = diag(ELx− ℓX +µBe),
Xµ

2 = diag(uX − EUx + µBe), Z1 = diag(z1), Z2 = diag(z2), W1 = diag(w1), W2 = diag(w2), S
µ
1 = diag(LLs − ℓS + µBe) and
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Sµ
2 = diag(uS − LUs+ µBe). Consider the quantities

DY = µPIm, πY = yE − 1

µP
(c− s),

DA = µAIA, πV = vE − 1

µA
(Ax− b),

(DZ

1)
−1 = (Xµ

1 )
−1Zµ

1 , (DW

1 )−1 = (Sµ
1 )

−1Wµ
1 ,

(DZ

2)
−1 = (Xµ

2 )
−1Zµ

2 , (DW

2 )−1 = (Sµ
2 )

−1Wµ
2 ,

DZ =
(
ET

L

(
DZ

1

)−1EL + ET
U

(
DZ

2

)−1EU

)†, DW =
(
LT

L

(
DW

1

)−1LL + LT
U

(
DW

2

)−1LU

)†,
πZ

1 = µB(Xµ
1 )

−1(zE

1 − x1 + xE

1), πW

1 = µB(Sµ
1 )

−1(wE

1 − s1 + sE

1),

πZ

2 = µB(Xµ
2 )

−1(zE

2 − x2 + xE

2), πW

2 = µB(Sµ
2 )

−1(wE

2 − s2 + sE

2),

πZ = ET
L πZ

1 − ET
U πZ

2 , πW = LT
L π

W

1 − LT
U π

W

2 .

Choose HB
F so that HB

F approximates EFH(x, y)ET
F and the KKT matrix(

HB
F +AT

F D
−1
A AF + EFD

†
ZE

T
F JT

F

JF −(DY +DW )

)
is nonsingular with m negative eigenvalues. (A common choice of HB

F is the matrix EF

(
H(x, y) + σIn

)
ET

F for some nonnegative
scalar σ.) Solve the KKT system(

HB
F +AT

F D
−1
A AF + EFD

†
ZE

T
F −JT

F

JF DY +DW

)(
∆xF

∆y

)
= −

(
gF − JT

F y −AT
F π

V − πZ
F

DW

(
yF − πW

F

)
+DY

(
y − πY

)) ,
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and set

∆x = ET
F ∆xF , x̂ = x+∆x, ∆z1 = −(Xµ

1 )
−1
(
z1 · (ELx̂− ℓX + µBe)− µBzE

1 + µBEL(x− xE +∆x)
)
,

∆z2 = −(Xµ
2 )

−1
(
z2 · (uX − EU x̂+ µBe)− µBzE

2 + µBEU (x
E − x−∆x)

)
,

ŷ = y +∆y, ∆s = −DW (ŷ − πW ),

ŝ = s+∆s, ∆w1 = −(Sµ
1 )

−1
(
w1 · (LLŝ− ℓS + µBe)− µBwE

1 + µBLL(s− sE +∆s)
)
,

∆w2 = −(Sµ
2 )

−1
(
w2 · (uS − LU ŝ+ µBe)− µBwE

2 + µBLU (s
E − s−∆s)

)
,

π̂V = vE − 1

µA
(Ax̂− b), ∆v = π̂V − v,

w = LT
X wX + LT

L w1 − LT
U w2, z = ET

X zX + ET
L z1 − ET

U z2,

v̂ = v +∆v, ∆wX = [ ŷ − w ]X ,

∆zX = [∇f(x) +H(x)∆x− J(x)Tŷ −ATv̂ − z ]X .

The associated merit function (4.1) can be written as

f(x)−
(
c(x)− s

)T
yE +

1

2µP
∥c(x)− s∥2 + 1

2µP
∥c(x)− s+ µP(y − yE)∥2

− (Ax− b)TvE +
1

2µA
∥Ax− b∥2 + 1

2µA
∥Ax− b+ µA(v − vE)∥2

−
nL∑
j=1

{
µB([ zE

1 ]j + [ELx
E − ℓX ]j + µB) ln

(
[ z1 + µBe ]j [ELx− ℓX + µBe ]2j

)
− [ z1 · (ELx− ℓX + µBe) ]j − 2µB [ELx− ℓX ]j

}
−

nU∑
j=1

{
µB([ zE

2 ]j + [uX − EUx
E ]j + µB) ln

(
[ z2 + µBe ]j [u

X − EUx+ µBe ]2j
)
− [ z2 · (uX − EUx+ µBe) ]j − 2µB [uX − EUx ]j

}
−

mL∑
i=1

{
µB([wE

1 ]i + [LLs
E − ℓS ]i + µB) ln

(
[w1 + µB ]i[LLs− ℓS + µBe ]2i

)
− [w1 · (LLs− ℓS + µBe) ]i − 2µB [LLs− ℓS ]i

}
−

mU∑
i=1

{
µB([wE

2 ]i + [uS − LUs
E ] + µB) ln

(
[w2 + µB ]i[u

S − LUs+ µBe ]2i
)
− [w2 · (uS − LUs+ µBe) ]i − 2µB [uS − LUs ]i

}
.
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8. The primal-dual trust-region direction

Given a vector of primal-dual variables p = (x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2), each iteration of a trust-region method for
solving (NLP) involves finding a vector ∆p of the form ∆p = Nd, where N is a basis for the null-space of the matrix C of (5.1),
and d is an approximate solution of the subproblem

minimize
d

gTN d+ 1
2d

TBN(p)d subject to ∥d∥T ≤ δ, (8.1)

where gN and BN are the reduced gradient and reduced Hessian gN = ∇M and BN(p) = NTB(p)N , ∥d∥T = (dTTd)1/2, δ is the
trust-region radius, and T is positive-definite. The subproblem (8.1) may be written as

minimize
∆vM

gTNT−1/2∆vM + 1
2∆vT

MT−1/2BN(p)T
−1/2∆vM subject to ∥∆vM∥2 ≤ δ, (8.2)

where ∆vM = T 1/2d. The application of the method of Moré and Sorensen [3] to solve the subproblem (8.2) requires the solution
of the so-called secular equations, which have the form

(B̄N + σI)∆vM = −ḡN , (8.3)

with σ a nonnegative scalar, B̄N = T−1/2BN(p)T
−1/2, and ḡN = T−1/2gN . In this note we consider the solution of the related

equations
(BN + σT )d = −gN , (8.4)

and recover the solution of the secular equations (8.3) from the computed vector d.

The identity (5.6) allows the solution of the approximate Newton equations BN(p)d = −gN (5.4) to be written in terms of
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the change in the variables (x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2). In particular, we have

ĤF −2JT
F D−1

Y LT
F JT

F AT
F ET

LF −ET
UF 0 0

−2LFD
−1
Y JF 2LF (D

−1
Y +D†

W )LT
F −LF 0 0 0 LT

LF LT
UF

JF −LT
F DY 0 0 0 0 0

AF 0 0 DA 0 0 0 0
ELF 0 0 0 DZ

1 0 0 0
−EUF 0 0 0 0 DZ

2 0 0
0 LLF 0 0 0 0 DW

1 0
0 −LUF 0 0 0 0 0 DW

2





∆xF

∆sF
∆y
∆v
∆z1
∆z2
∆w1

∆w2



= −



gF −AT
F

(
2πV − v

)
− JT

F

(
2πY − y

)
− ELF(2π

Z
1 − z1) + EUF(2π

Z
2 − z2)

2πY
F − yF − LLF(2π

W
1 − w1) + LUF(2π

W
2 − w2)

−DY (π
Y − y)

−DA(π
V − v)

−DZ
1(π

Z
1 − z1)

−DZ
2(π

Z
2 − z2)

−DW
1 (πW

1 − w1)
−DW

2 (πW
2 − w2)


,

where

ĤF = EFH(x, y)ET
F +

2

µA
AT

F AF +
2

µP
JT

F JF + 2
(
ET

LF(D
Z

1)
−1ELF + ET

UF(D
Z

2)
−1EUF

)
,

with H(x, y) the Hessian of the Lagrangian function, and

DY = µPIm, πY = yE − 1

µP
(c− s), DA = µAIA, πV = vE − 1

µA
(Ax− b),

DW

1 = Sµ
1 (W

µ
1 )

−1, πW

1 = µB(Sµ
1 )

−1(wE

1 − s1 + sE

1), DZ

1 = Xµ
1 (Z

µ
1 )

−1, πZ

1 = µB(Xµ
1 )

−1(zE

1 − x1 + xE

1),

DW

2 = Sµ
2 (W

µ
2 )

−1, πW

2 = µB(Sµ
2 )

−1(wE

2 − s2 + sE

2), DZ

2 = Xµ
2 (Z

µ
2 )

−1, πZ

2 = µB(Xµ
2 )

−1(zE

2 − x2 + xE

2).

Note that in the trust-region case we make no assumption that BN is positive definite.

The first step in the formulation of the trust-region equations (8.4) and their solution is to write the reduced gradient
and Hessian of the merit function in terms of the vectors x⃗ and y⃗ that combine the primal variables (x, s) and dual variables
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(y, v, z1, z2, w1, w2). Let g⃗, H⃗, J⃗ and D⃗ denote the quantities

g⃗ =

(
gF

0

)
, H⃗ =

(
HF 0
0 0

)
, J⃗ =


JF −LT

F

AF 0
ELF 0

−EUF 0
0 LLF

0 −LUF

 and D⃗ =


DY 0 0 0 0 0
0 DA 0 0 0 0
0 0 DZ

1 0 0 0
0 0 0 DZ

2 0 0
0 0 0 0 DW

1 0
0 0 0 0 0 DW

2

 .

Similarly, let T⃗x = diag(T x, T s) and T⃗y = diag(T y, T v, T z
1 , T

z
2 , T

w
1 , Tw

2 ). The equations (BN + σT )∆p = −gN may be written
in the form (

H⃗ + 2J⃗TD⃗−1J⃗ + σT⃗x J⃗T

J⃗ D⃗ + σT⃗y

)(
∆x⃗
∆y⃗

)
= −

(
g⃗ − J⃗Tπ⃗ − J⃗T(π⃗ − y⃗)

−D⃗(π⃗ − y⃗)

)
, (8.5)

where

y⃗ =


y
v
z1
z2
w1

w2

 , π⃗ =


πY

πV

πZ
1

πZ
2

πW
1

πW
2

 , ∆x⃗ =

(
∆xF

∆sF

)
, and ∆y⃗ =


∆y
∆v
∆z1
∆z2
∆w1

∆w2

 .

Applying the nonsingular matrix

(
I −2J⃗TD⃗−1

I

)
to both sides of (8.5) gives the equivalent system

(
H⃗ + σT⃗x −J⃗T(I + 2σD⃗−1T⃗y)

J⃗ D⃗ + σT⃗y

)(
∆x⃗
∆y⃗

)
= −

(
g⃗ − J⃗Ty⃗

D⃗(y⃗ − π⃗)

)
.

As in Gertz and Gill [1], we set T⃗x = I and T⃗y = D⃗. With this choice, the associated vectors ∆x⃗ and ∆y⃗ satisfy the equations(
H⃗ + σI −J⃗T

J⃗ σ̄D⃗

)(
∆x⃗

(1 + 2σ)∆y⃗

)
= −

(
g⃗ − J⃗Ty⃗

D⃗(y⃗ − π⃗)

)
, (8.6)
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where σ̄ = (1 + σ)/(1 + 2σ). In terms of the original variables, the unsymmetric equations (8.6) are

HF + σIxF 0 −JT
F −AT

F −ET
LF ET

UF 0 0
0 σIsF LF 0 0 0 −LT

LF LT
UF

JF −LT
F σ̄DY 0 0 0 0 0

AF 0 0 σ̄DA 0 0 0 0
ELF 0 0 0 σ̄DZ

1 0 0 0
−EUF 0 0 0 0 σ̄DZ

2 0 0
0 LLF 0 0 0 0 σ̄DW

1 0
0 −LUF 0 0 0 0 0 σ̄DW

2





∆xF

∆sF
(1 + 2σ)∆y
(1 + 2σ)∆v
(1 + 2σ)∆z1
(1 + 2σ)∆z2
(1 + 2σ)∆w1

(1 + 2σ)∆w2



= −



EF

(
g − JTy −ATv − z

)
LF

(
y − w

)
c(x)− s+ µP(y − yE)
Ax− b+ µA(v − vE)

(Zµ
1 )

−1
(
z1 · x1 + µB(z1 − zE

1 + x1 − xE
1)
)

(Zµ
2 )

−1
(
z2 · x2 + µB(z2 − zE

2 + x2 − xE
2)
)

(Wµ
1 )

−1
(
w1 · s1 + µB(w1 − wE

1 + s1 − sE
1)
)

(Wµ
2 )

−1
(
w2 · s2 + µB(w2 − wE

2 + s2 − sE
2)
)


, (8.7)

where σ̄ = (1 + σ)/(1 + 2σ). Collecting terms and reordering the equations and unknowns, we obtain

σ̄DA 0 0 0 0 0 AF 0

0 σ̄DZ
1 0 0 0 0 ELF 0

0 0 σ̄DZ
2 0 0 0 −EUF 0

0 0 0 σ̄DW
1 0 LLF 0 0

0 0 0 0 σ̄DW
2 −LUF 0 0

0 0 0 −LT
LF LT

UF σIsF 0 LF

−AT
F −ET

LF ET
UF 0 0 0 HF + σIxF −JT

F

0 0 0 0 0 −LT
F JF σ̄DY





∆ṽ

∆z̃1

∆z̃2

∆w̃1

∆w̃2

∆sF

∆xF

∆ỹ


= −



DA(v − πV )

DZ
1(z1 − πZ

1 )

DZ
2(z2 − πZ

2 )

DW
1 (w1 − πW

1 )

DW
2 (w2 − πW

2 )

LF

(
y − w

)
EF

(
g − JTy −ATv − z

)
DY (y − πY )


, (8.8)

where D̄A = σ̄DA, D̄
W
1 = σ̄DW

1 , D̄W
2 = σ̄DW

2 , D̄Z
1 = σ̄DZ

1 , D̄
Z
2 = σ̄DZ

2 , D̄Y = σ̄DY , ∆ỹ = (1 + 2σ)∆y, ∆ṽ = (1 + 2σ)∆v,
∆z̃1 = (1 + 2σ)∆z1, ∆z̃2 = (1 + 2σ)∆z2, ∆w̃1 = (1 + 2σ)∆w1, and ∆w̃2 = (1 + 2σ)∆w2. We define

D̄W =
(
LT

L (D̄
W

1 )−1LL + LT
U (D̄

W

2 )−1LU

)† = σ̄
(
LT

L (D
W

1 )−1LL + LT
U (D

W

2 )−1LU

)† = σ̄DW ,
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with DW =
(
LT

LF(D
W
1 )−1LLF + LT

UF(D
W
2 )−1LUF

)†. Similarly, define

D̆W =
(
D†

W + σσ̄LT
F LF

)†.
Premultiplying the equations (8.8) by the block lower-triangular matrix

IA

0 IxLF
0 0 IxUF

0 0 0 IsLF
0 0 0 0 IsUF

0 0 0 1
σ̄L

T
LF(D

W
1 )−1 − 1

σ̄L
T
UF(D

W
2 )−1 IsF

1
σ̄A

T
F D

−1
A

1
σ̄E

T
LF(D

Z
1)

−1 − 1
σ̄E

T
UF(D

Z
2)

−1 0 0 0 IxF
0 0 0 D̆WLT

L (D
W
1 )−1 −D̆WLT

U (D
W
2 )−1 σ̄D̆WLT

F 0 Im


gives the block upper-triangular system

σ̄DA 0 0 0 0 0 AF 0

0 σ̄DZ
1 0 0 0 0 ELF 0

0 0 σ̄DZ
2 0 0 0 −EUF 0

0 0 0 σ̄DW
1 0 LLF 0 0

0 0 0 0 σ̄DW
2 −LUF 0 0

0 0 0 0 0 1
σ̄LFD̆

†
WLT

F 0 LF

0 0 0 0 0 0 H̃F + σIxF −JT
F

0 0 0 0 0 0 JF σ̄(DY + D̆W )





∆ṽ

∆z̃1

∆z̃2

∆w̃1

∆w̃2

∆sF

∆xF

∆ỹ



= −



DA(v − πV )

DZ
1(z1 − πZ

1 )

DZ
2(z2 − πZ

2 )

DW
1 (w1 − πW

1 )

DW
2 (w2 − πW

2 )

LF

(
y − w +

1

σ̄

[
w − πW

])
EF

(
g − JTy −ATv − z +

1

σ̄

[
AT(v − πV ) + z − πZ

])
DY (y − πY ) + D̆W

(
σ̄(y − w) + w − πW

)


,
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where

H̃F = EF

(
H(x, y) +

1

σ̄
ATD−1

A A+
1

σ̄
D†

Z

)
ET

F ,

w = LT
X wX + LT

L w1 − LT
U w2, z = ET

X zX + ET
L z1 − ET

U z2, π
W = LT

L π
W
1 − LT

U π
W
2 and πZ = ET

L πZ
1 − ET

U πZ
2 . Using block back-

substitution, ∆xF and ∆y may be computed by solving the equationsH̃F + σIxF −JT
F

JF σ̄(DY + D̆W )

(∆xF

∆ỹ

)
= −

EF

(
g − JTy −ATv − z +

1

σ̄

[
AT(v − πV ) + z − πZ

])
DY (y − πY ) + D̆W (σ̄(y − w) + w − πW )

 .

Once ∆xF and ∆ỹ are known, the full vector ∆x is computed as ∆x = ET
F ∆xF . Using the identity ∆s = LT

F ∆sF in the sixth
block of equations gives

∆s = −σ̄D̆W

(
y + (1 + 2σ)∆y − w +

1

σ̄

[
w − πW

])
.

There are several ways of computing ∆w1 and ∆w2. Instead of using the block upper-triangular system above, we use the last
two blocks of equations of (8.7) to give

∆w1 = − 1

1 + σ
(Sµ

1 )
−1
(
w1 · (LL(s+∆s)− ℓS + µBe)− µBwE

1 + µBLL(s− sE +∆s)
)

and

∆w2 = − 1

1 + σ
(Sµ

2 )
−1
(
w2 · (uS − LU (s+∆s) + µBe)− µBwE

2 + µBLU (s
E − s−∆s)

)
.

Similarly, using (8.7) to solve for ∆z1 and ∆z2 yields

∆z1 = − 1

1 + σ
(Xµ

1 )
−1
(
z1 · (EL(x+∆x)− ℓX + µBe)− µBzE

1 + µBEL(x− xE +∆x)
)

and

∆z2 = − 1

1 + σ
(Xµ

2 )
−1
(
z2 · (uX − EU (x+∆x) + µBe)− µBzE

2 + µBEU (x
E − x−∆x)

)
.

Similarly, using the first block of equations (8.8) to solve for ∆v gives ∆v = −(v−π̂V )/(1+σ), with π̂V = vE − 1
µA

(
A(x+∆x)−b

)
.

Finally, the vectors ∆wX and ∆zX are recovered as ∆wX = [ y +∆y − w ]X and ∆zX = [ g +H∆x− JT(y +∆y)− z ]X .

9. Summary: equations for the trust-region direction

The results of the preceding section implies that the solution of the secular equations (B̄N+σI)∆vM = −ḡN , with σ a nonnegative
scalar, B̄N = T−1/2BN(p)T

−1/2, and ḡN = T−1/2gN may be computed as follows. Let x and s be given primal variables and
slack variables such that EXx = bX , LXs = hX with ℓX − µB < ELx, EUx < uX + µB , ℓS − µB < LLs, LUs < uS + µB . Similarly,
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let z1, z2, w1, w2 and y denotes dual variables such that w1 > 0, w2 > 0, z1 > 0, and z2 > 0. Consider the diagonal matrices
Xµ

1 = diag(ELx − ℓX + µBe), Xµ
2 = diag(uX − EUx + µBe), Z1 = diag(z1), Z2 = diag(z2), W1 = diag(w1), W2 = diag(w2),

Sµ
1 = diag(LLs− ℓS + µBe) and Sµ

2 = diag(uS − LUs+ µBe). Given the quantities

DY = µPIm, πY = yE − 1

µP
(c− s),

DA = µAIA, πV = vE − 1

µA
(Ax− b),

(DZ

1)
−1 = (Xµ

1 )
−1Zµ

1 , (DW

1 )−1 = (Sµ
1 )

−1Wµ
1 ,

(DZ

2)
−1 = (Xµ

2 )
−1Zµ

2 , (DW

2 )−1 = (Sµ
2 )

−1Wµ
2 ,

DZ =
(
ET

L (DZ

1)
−1EL + ET

U (DZ

2)
−1EU

)†, DW =
(
LT

L (D
W

1 )−1LL + LT
U (D

W

2 )−1LU

)†,
D̆W =

(
D†

W + σLT
F LF

)†,
πZ

1 = µB(Xµ
1 )

−1(zE

1 − x1 + xE

1), πW

1 = µB(Sµ
1 )

−1(wE

1 − s1 + sE

1),

πZ

2 = µB(Xµ
2 )

−1(zE

2 − x2 + xE

2), πW

2 = µB(Sµ
2 )

−1(wE

2 − s2 + sE

2),

πZ = ET
L πZ

1 − ET
U πZ

2 , πW = LT
L π

W

1 − LT
U π

W

2 ,

solve the KKT systemEF

(
H(x, y) + σIn +

1

σ̄
ATD−1

A A+
1

σ̄
D†

Z

)
ET

F −JT
F

JF σ̄
(
DY + D̆W

)
(∆xF

∆ỹ

)

= −

EF

(
∇f(x)− J(x)Ty −ATv − z +

1

σ̄

[
AT(v − πV ) + z − πZ

])
DY

(
y − πY

)
+ D̆W

(
σ̄(y − w) + w − πW

)
 .
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Then

∆x = ET
F ∆xF , x̂ = x+∆x, ∆z1 = − 1

1 + σ
(Xµ

1 )
−1
(
z1 · (ELx̂− ℓX + µBe)− µBzE

1 + µBLL(s− sE +∆s)
)
,

∆z2 = − 1

1 + σ
(Xµ

2 )
−1
(
z2 · (uX − EU x̂+ µBe)− µBzE

2 + µBLU (s
E − s−∆s)

)
,

∆y = ∆ỹ/(1 + 2σ), ŷ = y +∆y, ∆s = −σ̄D̆W

(
y + (1 + 2σ)∆y − w +

1

σ̄

[
w − πW

])
,

ŝ = s+∆s, ∆w1 = − 1

1 + σ
(Sµ

1 )
−1
(
w1 · (LLŝ− ℓS + µBe)− µBwE

1 + µBLL(s− sE +∆s)
)
,

∆w2 = − 1

1 + σ
(Sµ

2 )
−1
(
w2 · (uS − LU ŝ+ µBe)− µBwE

2 + µBLU (s
E − s−∆s)

)
,

π̂V = vE − 1

µA
(Ax̂− b), ∆v = − 1

1 + σ

(
v − π̂V

)
,

w = LT
X wX + LT

L w1 − LT
U w2, z = ET

X zX + ET
L z1 − ET

U z2,

v̂ = v +∆v, ∆wX = [ ŷ − w ]X ,

∆zX = [ g +H∆x− JTŷ − z ]X .
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