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Overview

* Finite Elements
* Domain Decomposition
» Bank-Holst Paradigm
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Finite Elements

General 29 Order Linear PDE:

LuE—V-(a(x)Vu)+b x)-Vu+c(x)u=f, n Q

Solve for u. n- (a(x)Vu) = gN , On aNQ
Given are Q,
a(),b(2), (), Uu=g,, onad,Q

f(x), gy (2), g, (x).

Linear Elasticity Example:

2u(V-£Ww))— AV u = f(x) in Q
oc(u)-n=g(x)ond,Q
u=0ond,Q

For more info, see Toselli and Widlund [1]
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Finite Elements

u is too difficult to find, so we find u,

g0

u is infinite dimensional, for example U : R2 — R

So we find a finite dimensional approximation  y, = ZO{.Q.,
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Finite Elements

This allows us to solve for a finite
number of unknowns.

Convert Strong Form into Weak Form: Lu=f — JLuv = va Vv
Q Q

A(u,v) = F(v) Vve H' (Q)

A(u,v) = j(a(x)Vu-Vv+(b(x)-Vu)v+c(x)uv)dx

Q

F(V)Ejfvdx+ j gyw—A(g,,v)

Iy

Then replace u with u,, to get a system on linear equations:

Aa = F|where [A]i’j :A(¢i,¢j) and [F| =F(¢)

Chris Deotte 3/4/11




Finite Elements

The Finite Element solution is a

gOOd apprOXimatiOn Deotte and Holst [3]

With appropriate assumptions

<K ||
a,Q h u 2,0

See Babuska and Aziz [2]

=]

Here is an example
using 200 unknowns.

It seems to capture
continuous life well.
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Domain Decomposition

Many problems take too long to solve.

If we solve Aqr = F for 10° unknowns in O(n’-%) it could take days!

It is better to solve 1000 problems of size 10 simultaneously.

N
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Domain Decomposition

Domain Decomposition
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Domain Decomposition

Communication is the same for all.
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FETI Method
i=1,2: Lu""™” = f inQ., BCon dQ\T, n- (a(x)vu;“%)):z;“ onT,

Communicate u" onT,, i=12
. ~(n+1) . ~(n+1) 41 1
i=1,2: Lu; =0inQ,, BCondQ \TI, u; =ul(n 2)—ugn 2 onT,

~(n+1)

A =" —H(n-(a(x);tinﬂ))+n-(a(x)uz )) onT,

Communicate A™" onT, i=1,2

Schwarz Method
i=1,2: Lu"™" = f inQ,, BCon dQ\T, u"" =g (x)onT,

Communicate x4 on I, i=1,2

All methods pass data proportional to their
interface area.

For convergence proofs, see Toselli and Widlund [4]
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Domain Decomposition

Px |Py [Pz |w comm|nocomm| comm | pement
. - 1] 1] 128] 23.83 | 1805 | B.88 | ar.es
Different Decompositions et
| 4| =2] 2112 | 14.48 663 | 3140
i & 18] 1748 | 14.20 3.28 18.78
1| 18] 8] 16.55 | 14.07 , 18.99 |
it 1] 22| 4] 1028 13.43 5.81 230.21
Additive Schwarz i| o4 2| 1689 | 1188 5.01 20.65
Method on: 1| 128 1] 2235 | 1203 | 1031 | 46.16
2| 1| e4] 2346 | 14.66 880 | 37.51
Py 2| 2| 32] 2176 14 40 727 3342
= _ — 17 2| 4| 16| 1826 | 14.18 408 | 2232
< Au=11n Q HIE G EEER R 420 | 2354
Z[ 16| 4| ie0e | 13.36 266 16.61
=0 on oQ I = 1166 | 358 | 2340
2] 64 1| 19.81 | 1153 | 7.78 | 4031
. 3 4 1 32| oo | 1454 546 | 2732
Q =unitcube € R 3] 2[ 1] 1ea1 | 1421 400 | 2565
Py=1 4 4| 8] 17.27 | 1383 3.34 10.33
Y= 4] 8] 4] 1o04 | 1320 584 | 3067
Px- Py Pz =128 3| i8] 2| 1626 | 1126 | 499 | 3072
— 4| =2 1| 1e6@7 | 1i.189 578 | 34.05
Example Px=3 [ 1| 18] 1883 | 1431 452 | 24.00
iti B 2| 8] 202 | 14.01 6.25 | B0.85
decomposition Deotte and Baden [5] 8] 4] 4| 1740 | 18.21 | 3es | 2a.ir
B & 2| 1536 | 1143 303 | 2560
B[ 16 1| 1670 | 1. 578 | 3460
16] 1| 8] 1968 | 14.29 540 | 2743
16| 2| 4] 1857 | 13.20 528 | 2843
Actual running times on super computer ABE with 6] 4 2] 1734 | 1141 | 582 | 547
6] & 1] 1666 [ _10. 575 | 3450
1,000,000 unknowns decomposed unto 128 cores. a2l 1 4| 2188 TaEel 791 | @6
az2| 2| 2| 1728 | 1213 515 | 20.80
Times are in seconds for 20 iterations with and 2] 4] 1) 1913 | 1180 | 7.83 | 40.91
_ o , B4 1] 2| =280 | 1264 | 10.24 | 4476
without communication for comparison. 64| 2| 1| 2007 | 1186 | 0.0 | 4.4z
128] 1] 1 13.18 | 10.00
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Domain Decomposition

Minimize Communication and
Balance Load

Yes No No
This is a challenging problem ] s
and can be approximately = D
solved with Recursive 5 [ = | :
Spectral Bisection. 3 e

(—1, if i and j share edge| Greate Adjacency Matrix, M, and solve

[M]i]_ ={ #ofedges, ifi=j [ Eigenvalue Problem: Mx, = Ax.
0, else | Order Eigenvalues: 0=4, <|4,|<|4]...

\

Then take vector x,and let Q, = {[xz]i‘[xz]i > O} and Q, = {[xz]i‘[xz]i < O}

This method is very effective. See Mathew [6]
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Analogous to resonance
on a drum head.

This is similar to solving the Wave Equation for
the second resonance. Informally, resonance

balances area of up drum head with down and
minimizes bending length to achieve minimal
energy oscillation.

—Au+Au =0

Socket/Graphics <XDRIINET socket=0+14916>
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Domain Decomposition

B True solution, u

B FE solution, u»

Place
degrees of

freedom T

are needed.

Better placement
of degrees of
freedom.
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Domain Decomposition

Best to use more than geometry.

Algorithms refine the mesh and add

more unknowns where needed. .. .
Consequently, processors can A Posteriori Error Estimators

become unbalanced. Under appropriate assumptions, we have
HV(M—Mh )Ho,g = H(I_SmQh)V”h 0.0

where S™is a multigrid smoother and Q,, is an
L2 projection onto Finite Element space.

HV(” U, )Ho,g = HV(”q _”1)

N i B - where u, is the quadratic interpolant of u, and
1 2 1 2 u, the linear interpolant both using the
recovered gradient S"Q,Vu,

0,Q

v

o J

See Bank and Xu [8]

w
=
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Bank-Holst Paradigm

Bank-Holst Paradigm

« Step 1: Load Balancing. We solve a small problem on a coarse mesh, and
use a posteriori error estimates to partition the mesh. Each subregion has
approximately the same error, although subregions may vary considerably
in terms of numbers of elements or gridpoints.

« Step 2: Adaptive Meshing. Each processor is provided the complete
coarse mesh and instructed to sequentially solve the entire problem, with
the stipulation that its adaptive refinement should be limited largely to its
own partition. The target number of elements and grid points for each
problem is the same. Near the end of this step, the mesh is regularized
such that the global mesh described in Step 3 will be conforming.

« Step 3: DD Solve. A final mesh is computed using the union of the refined
partitions provided by each processor. A final solution computed using a
domain decomposition or parallel multigrid technique.

See Bank and Holst [9]
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Bank-Holst Paradigm

Step 1: Load Balancing

el;
o

SOlve . High Error "4 P}
; } = +
PD E . Low Error
Step 2: Adaptive Meshing
N [
P P ]
1 —» 1 < — 2
Step 3: DD Solve Solve (on each P,using their own A’s):
; A 0 MI|[éu ]l | R
) 0 A M, |dU,|=| R,
('1 HH T2 _Ml M, O || A U,-U,
Communicate: UV,RV,Uy,Ry
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Thank You.
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