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Finite Elements

Solve Differential
Equation with:

N
U, = Z P,
i=1

finite approximation
to true solution u

‘.f |1 1

are piecewise polynomial
basis functions with
overlapping support.
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Basis Functions

~ piecewise
linear

w,(x)= Y08,
=1 ¥
piecewise 7

quadratic

Each blue line
(solution) is
the linear
combination of
7 basis
functions, but
the error is
different for
each. The
true solution is
the black line.
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FE with Linear Basis Functions

u, = f(t,u), u(0)=0 Solving with linear basis is
. simple. Since we know
Findu=Y a4, jur;g. = j fo Yo alpha,, Matrix A is effectively
j=1 lower triangle and therefore
_ e o - we can solve for one alpha at
% |x(0 0 0 040 B, a time easily.
x, x, x, 0 0 0 ||« B,
01x x x| 0 O0ljlog| ||B
010 % x x 0]la ~ B, f! it B
010 0 x, x x| B, a
0|0 & 0 x, xslo| |B
B i 2L,

x50 +)]5/(X'2+x?a3 =B, = J:Bfgjz =~hf (t,) — a, ﬁ—;:-éxl+%f(l‘2)
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Quadratic Basis Functions

w.=f(tu)y ul@)=0

Findu=i&j&j, fud=[ro v, AG’ —_ B

Yo ) »| 0 0 0 P fﬂ “

Yy . ys| 0 0 0| B Solving for alphas with quadratic basis

1 L A o lla. | FB IS computatlorn:elll}ar harder than using

Yo Y7 Js o Do) s B linear basis functions. We have

00 yu P s Ofas| |Bs effectively lower triangle with one

0 0 yy Vs Y Yollas! |Bs upper diagonal so we must solve for
20,200 0 TR e Dl Z, two alphas at a time.

Finding two alphas at a time makes solving FE with quadratic basis functions
essentially a 2 Stage Fully Implicit Runge-Kutta Method.
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Diagonally Implicit Runge Kutta

4
time 3
2 2 Stage
) Backward
1 Difference
0 ) Crank-Nicolson

space

Let’'s use TR-BDF in time and see what happens.
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Time and 1-D Space

When using quadratic finite elements in time, we must simultaneously
solve for 2 timesteps of unknown space variables at once.

We have seen that finite elements in time is similar to a Fully Implicit Runge-
Kutta method. What happens if we use a Diagonally Implicit Runge-Kutta
method instead?

4 ¢ L % -
3 e % e %
time 2 9 1 4 ¢ We must solve 2
timesteps at once.
1 ¢ . + i
Co——— T Tr— == o Initial
0 ¢ : s ® - Conditions
space
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Isoparametric Elements

2 Stage
) Backward
e
; Difference « H e, ;;M -
Crank-Nicolson t

X

r} or "y

.-"-"1—

=t =f o [up+ [up = [fo

[tug=-|(ug -2ug)+[f¢ — Ma'(t)=-Aa(t)+B
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TR-BDF Runge-Kutta Method

u'(t)=F(t,u)

Fisv,  Crank-Nicolson
TRl s +%ﬂt(F( <! k+1)+F(t u ))

Thes 2 Stage Backward Difference

u“z:%ui __u +2 At F( pk+2 k+2)
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Simple Problem

AE A 1 u,—Au=16
— 1 w0,)=u(,)=0
u(x,0)=0

E

T ERTA R TR
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Simple Problem 2

:
*
A

[ NZAT L

u —Au=0
u(0,t)=u(l,t)=0
u(x,0) =v(x)
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Hard Problem 1

o Y

- .
i Y S i Tl
\ e u —Au =
. 27 sin(27xx) cos(27t)
+47° sin (27 x)sin (27t)
B T L L
u(0,0) =u(l,1)=0
- g u(x,0)=0
:
= Exact Solution:
u(x,t) =sin(27x)sin(27t)

—
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Hard Problem 2

L] L] ' 1 L] ] I I L]

ok Ach A AW M i Bich ok o
|

u, —Au =

27 x(1— x)cos(27xt)

+47t cos(2zxt)

+(1-x)(27t)’ sin(27xt)
u(0,t)=u(l,t)=0
u(x,0)=0

Exact Solution:
u(x,t)=(1-x)sin(27wxt)
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Error Norms

"u (x,1)—u, (x,t)"ﬂm%m = ”\/ I(u —u,) dx

"u (x,t)—u, (x,t)"LgmHm = \”j(Vu -Vu, )2 +(u—u, )2 dxdt

Iiinm

”u(x t)— uﬁ(xt JIIH - uh] +(u uh] dxdt

= cn

iy . . (
Quadratic interpolation achieves "(H —U, )
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Fix Ar =0.001 decrease h

u(x,t)=(1—x)sin(2zxt)

Trsawpll |, Saacetepl T

Tivemwp™. 1, Sessamep= 1Al (gl =0 4005 eva=0 'H,
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Log Space Elements vs. Log Err

1ouie G, koplaases) v laglTLinf e =COT! fricprs 21|

time space |
i T
. Slope = -2.91
Htimel%pace
1
- Slope = -2.7 i

~ Slope =-1.9

aPn R, laglipscnve g E
ihidenatl ool EANN G B U

Lzume H]s.pace ]

u(x,t)=(1-x)sin(2zxt)
Fix At =0.001 decrease h
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Log Time Elements vs. Log Err

[l aghw] w o] ' e WSk e 21}
—_—— -

time _space
oo 2

Slope =-2.1

time yspace
H{r3

. Slope =-1.96

i, b vt g LT LS falen2 T
' '

lg me H ’SpﬂCG |

—

,I Slope = -2.3"""-----...__

u(x,t)=(-x)sin(2zxt)

Fix h =1/2000 decrease At

i 01 01 01 01
ﬁr_{o'l’i’il’ﬂ’lﬁ
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Log Space Elements vs. Log Err

ol ST frbopem- B

. time space
oo 2
-+ Slope=-299 = ~— —4
time yspace
iy

* Slope=-2.96 . . |

pipsstod] v gLt 10O (b= BT
e~ - -

lgmc H ]space

+ Slope =-1.99

u(x,t)=sin(27x)sin(27t)

Fix Ar =0.001 decrease h

h={L1,. L
487" 256
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Log Time Elements vs. Log Err

time space | time yyspace
:l . s T
| |
. Slope =-2.12 ~ |1 Slope = -2.17
ti 8 e g
Hee L u(x,r) = sin(27x)sin(27t)

Fix h =1/1000 decrease At

— 01 01 01 0.1
‘M_{O'Lz*aﬁs*lﬁ

. Slope =-1.96
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Hypothesized Error Bound

for space derivatives
H; k=0 and k=1

<Ch. - Hu

||(u —U, )(k)

for time derivatives
k=0 and k=1
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Future Work

Instead of using second order TR-BDF, use a third order Diagonally Implicit
Runge-Kutta Method to see if we can get better accuracy in time.

M= f(”k +hﬁl1"’1) y =12 e P

: 1= 29 2 L2
v,=f (”k +hﬁ21v1 "'hﬁzzvz) ﬂ i ’3 |g+5 ﬁ e
U, =u, +hyv, +hy,v, > Bu=% B=31-3

Leto=3

(R 1
Uprs ‘”k+zf(2”k+é+2”k)

e g 3k pf_5., 48 7
U, , = ?uk+?uk+{;+?f( st ToU T g u,k”)
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