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This paper presents solutions to Einstein’s equation—and the numerical methods used to construct
them—that describe simple cosmological models on manifolds with compact non-orientable spatial
slices. These solutions have been constructed on a selection of manifolds having positive, negative,
and vanishing spatial scalar curvatures. One example is shown to be indistinguishable locally from a
homogeneous Friedman cosmological model, others are constructed with significant inhomogeneities.
Together these examples are used to explore the strengths and the limitations of the numerical
methods used in this study, and to test the code used to implement them.

I. INTRODUCTION

Einstein’s equation determines the geometry of space-
time given initial data for the matter fields (and any grav-
itational waves) that may be present on a spacelike sur-
face. This equation does not, however, determine the
topology of that initial spatial slice. That topology must
be specified independently to insure the solutions faith-
fully model a particular physical problem. Solutions to
Einstein’s equation have been studied on manifolds with
a small number of simple topologies, e.g., with initial
surfaces having S3, T2, or S? x S! topologies, etc. But
little is known about solutions on manifolds from most
of the infinite collection of possible topologies. Current
observations do not determine or even constrain the pos-
sible topology of our universe. Therefore it seems reason-
able to explore the properties of solutions on manifolds
having a wide variety of possible topologies. To that
end robust numerical methods have been developed—and
implemented in an efficient computer code—that facil-
itate the study of solutions to Einstein’s equations on
manifolds with arbitrary spatial topologies [1—4]. This
study extends that work by constructing and analyzing
solutions to Einstein’s equations on manifolds with non-
orientable spatial slices.

Space-times with non-orientable topologies are often
dismissed as nonphysical because analysis shows that
only certain types of global spinor structures are allowed
on such manifolds [5-7]. These arguments probably rule
out the possibility that the observable part of our uni-
verse is time or space non-orientable. However, they do
not rule out the possibility that spatial slices could be-
come non-orientable when extended beyond our cosmic
horizon.

This study has three primary goals. The first is to
demonstrate that it is possible to find solutions to Ein-
stein’s equation on manifolds with non-orientable topolo-
gies. The second is to explore whether homogeneous so-
lutions on non-orientable manifolds can be distinguished

in some way locally from the standard homogeneous
Friedman cosmological models. The third goal is to ex-
plore and evaluate the strengths and limitations of the
numerical methods that have been developed to solve
FEinstein’s equation on manifolds with arbitrary spatial
topologies. For example, the code developed to solve the
covariant representation of the Einstein evolution equa-
tions (needed for non-trivial topologies) has only been
tested previously by evolving solutions with small ampli-
tude gravitational wave perturbations on a manifold with
S3 spatial topology [2]. In this study the code is tested
more robustly by evolving the fully nonlinear equations
long enough to expand the spatial volumes of the solu-
tions by a factor of ten.

The remainder of this paper is organized as follows.
The simple non-orientable manifolds used in this study
are described in Sec. II. This section describes the multi-
cube representations of these manifolds, including the
construction of the reference metrics needed to define
their differentiable structures. This section also demon-
strates that the manifolds included in this study satisfy
the topological conditions needed to admit global Dirac
and Majorana (but not Weyl) spinor structures.

Section III describes the methods used to construct
simple initial data that satisfy the Einstein constraint
equations on these manifolds. These initial data were
found by solving a version of the Einstein constraints for
a spacetime devoid of matter except for a cosmological
constant. The value of this constant is chosen in each
example to produce a geometry with a homogeneous spa-
tial Ricci scalar curvature. The quality of these numer-
ical solutions are evaluated, and the convergence of the
numerical methods used to solve the elliptic constraint
equations is illustrated.

Section IV describes and analyzes the numerical evo-
lution of these initial data which produce simple non-
orientable cosmological models. One of these models is
shown to be indistinguishable locally from one of the
standard homogeneous Friedman cosmological models.



The other examples have significant inhomogeneities that
grow rapidly from inhomogeneities present in the initial
data for these cases. Together these examples provide
an opportunity to evaluate the strengths and limitations
of the numerical methods and their implementation in
the computer code used to solve the hyperbolic Einstein
evolution equations. The covariant symmetric hyperbolic
representation of the Einstein evolution equations used in
this study is described briefly in Appendix A. Section V
presents a summary and discussion of the results of this
study, including ideas that could be pursued to address
some open questions.

II. SIMPLE NON-ORIENTABLE MANIFOLDS

This section describes the simple non-orientable man-
ifolds on which solutions to Einstein’s equation have
been constructed for this study. Each of these four-
dimensional manifolds has the topology of a globally hy-
perbolic spacetime, i.e. its topology has the form R x X,
where Y is a compact non-orientable three-dimensional
manifold. This study uses multi-cube representations of
the three-manifolds, ¥, to facilitate the numerical anal-
ysis. These multi-cube representations (introduced in
Ref.[1]) are collections of non-overlapping cubic regions
which serve as coordinate patches that cover the mani-
fold.

Figure 1 illustrates the multi-cube structures for three
of the manifolds used in this study: P? xS, P24 P2 x S!
and P2#T? x S'. Each of these manifolds is the Carte-
sian product of a non-orientable compact two-manifold
with the circle, S'. P2 represents the two-dimensional
real projective plane and T2 the two-torus, while x
indicates a Cartesian product and # a direct sum.
These manifolds are represented as a collection of non-
overlapping cubic regions whose faces are identified in
the prescribed way. Figure 1 illustrates the 4z faces of
the cubic regions representing these manifolds, including
the way the z and y faces are identified. The +z and —z
face of each of these cubic region is identified to imple-
ment the Cartesian product with St.

Figure 2 illustrates the other compact non-orientable
three-manifold used in this study: S?xS*, where S? and
S1 are the two-sphere and the circle respectively, while %
represents a twisted Cartesian product (described below).
The locations of the blocks in this structure are the same
as those used in the multi-cube structure of S? x S* intro-
duced in Ref. [1]. In S% x ST the +2 face of each block is
identified with the —z face of that block. In S2xS' the
+2z face of each block is identified with the —z face of the
block containing its polar opposite points in S2. In this
way the 4z face of region B is identified with the —z
face of region Bs, the 4z face of region B is identified
with the —z face of region By, the +z face of region Bs
is identified with the —z face of region Bg, etc.

The Euler characteristic of the Cartesian product of
two manifolds is the product of the Euler characteristics
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FIG. 1: This figure illustrates the +z faces of the multi-cube
blocks representing three of the compact non-orientable three-
manifolds used in this study: (from left to right) P? x S*,
P?#P? x S and P?#T? x S'. The solid (black) lines rep-
resent the x and y boundary faces between adjacent blocks,
while the dashed lines represent faces that are identified with
the faces having similar arrows, in the directions indicated by

those arrows. The +z face of each block is identified with the
—z face of that block.

X

FIG. 2: This figure illustrates the multi-cube structure used
in this study for the compact non-orientable three-manifold
S2x St

of the individual manifolds. Since the Euler characteris-
tic of S! is zero, the Euler characteristics of the mani-
folds P? x S, P24 P2 x S', and P?#T? x S' are also
zero. The multi-cube structure of the manifold S?xS?
shown in Fig. 2 has the same number of vertices, edges,
faces, and volumes as the multi-cube structure of $2 x S*,
therefore its Euler characteristic is also zero. Dirac and
Majorana spinor structures do exist on a non-orientable
manifold if the Euler characteristic of that manifold is
an even integer [7]. It follows that all the non-orientable
manifolds included in this study do admit global Dirac
and Majorana spinor structures. These manifolds do not
admit global Weyl spinor structures [5, 6], however, Weyl
spinor structures do exist on any orientable submanifold.
These orientable submanolds can extend in some cases
through the cosmic horizon. Therefore it seems unlikely
that non-orietability on a global scale can be ruled out
by observations at this time.

The Cartesian coordinates within each cubic region in
a multi-cube representation of a manifold serve as local
coordinate patches on which scalar, vector and tensor
fields can be represented on this manifold. The maps
used to identify the faces of neighboring cubes in these
structures are used to determine when scalar fields are
continuous across those faces. Since the cubic regions do
not overlap, however, in general these boundary maps do
not determine when vector and tensor fields are contin-



uous across those interfaces. More geometric structure
must be provided to determine the continuity of vector
and tensor fields across the interface boundaries between
cubic regions.

The additional structure needed to determine the con-
tinuity and differentiability of vector and tensor fields
across the interface boundaries in a multi-cube repre-
sentation can be provided by a “reference metric” that
is suitably smooth (typically at least C!) [1]. These
reference metrics can be constructed numerically us-
ing the method described in detail in Ref. [3] for two-
dimensional multi-cube structures and in Ref. [8] for
three-dimensional structures. This method constructs a
sequence of increasingly smooth metrics that ensure the
final reference metric, g;;, is at least C?~ across each cube
face and along each cube edge.

The method of constructing the reference metric, g;;,
on multi-cube structures depends on the details of how
each cubic region is connected to each of its neighbors:
across each cube face, and along each cube edge. However
this method does not depend on the global topological
properties of the manifold, such as its orientability. This
method can therefore be used to construct reference met-
rics on any non-orientable three-manifold, and has been
used successfully to construct C! metrics, g;;, on each
of the non-orientable manifolds included in this study:
P2 x S', P2#P? x S1, P2#T? x S, and S?xS!. The
resulting positive-definite metrics §;; on these manifolds
are smooth within each cubic coordinate chart, and are
continuous and differentiable in the appropriate senses
across the interfaces between cubic regions. These ref-
erence metrics, g;;, are then used to construct the Jaco-
bians that define the differentiable structure that deter-
mines the global continuity and differentiability of vec-
tors and tensors on these manifolds [3, 8].

III. SIMPLE INITIAL DATA

This section describes the methods used in this study
to find solutions to the Einstein initial value constraint
equations. The goal is to construct initial data that can
be used to evolve simple homogeneous cosmological mod-
els on these non-orientable manifolds. The Einstein con-
straint equations limit the allowed initial data for the spa-
tial metric g;; and extrinsic curvature K;; on a spacelike
hypersurface. The simplest solutions to these equations
are determined by specifying a conformal metric, g;;, and
a constant, K, that functions as the trace of the extrinsic
curvature on this initial surface. The physical metric g;;
and extrinsic curvature K;; are given by

gij = '3, (1)
Kij = 0%, K, (2)
where ¢ is a conformal factor. This conformal factor is
determined by solving the Einstein constraint equations,

which for this simple case reduce to a second-order elliptic
partial differential equation for ¢.

This study follows the methods described in Ref. [4]
for solving the Einstein constraint equations numerically
on manifolds with non-trivial topologies. The conformal
metrics g;; used in this study are the reference metrics
constructed in Sec. IT for each manifold. This study also
assumes the average matter content in these solutions
is negligible compared to the cosmological constant A.
With these assumptions the Einstein constraint equation
reduces to

ViVio = 0 R+ 130" (K* = 3A), (3)

where @Z and R are the covariant derivative and Ricci
scalar curvature respectively associated with the confor-
mal metric g;;.

The integral of the left side of Eq. (3) vanishes on
any compact manifold. Therefore the constants K and
A must be chosen in a way that makes it possible for the
integral of the right side of this equation to vanish as
well. Convenient choices for these constants would pro-
duce solutions to Eq. (3) with ¢ &~ 1. Such choices can
be identified by setting ¢ = 1 in the expression on the
right side of Eq. (3) and integrating over the manifold.
Setting this integral to zero results in the values,

K230 = —3(R), (4)

where (R) is the average value of the conformal scalar
curvature R,

- ViRd3x
(R) = LYIRA )
JVagd3x
where g represents the determinant of the conformal met-
ric g;;. This choice transforms Eq. (3) into the form

ViVie = Lo (R-o'(R)). (6)

This equation has the exact solution ¢ = 1 in the constant
scalar curvature case R = (R), and admits solutions on
all the manifolds studied here. The integral of the right
side of Eq. (3) must vanish for any solution ¢. If ¢ > 0
and R > 0 this integral can vanish only if K2 — 3A < 0.
Thus no ¢ > 0 solution can exist to Eq. (3) when R > 0
unless the cosmological constant satisfies the inequality,
A>L1K?>0.

The Ricci scalar curvature 12 determined from the phys-
ical metric g;; is related to the Ricci scalar curvature R
associated with the conformal metric g;; by the expres-
sion

R = ¢"*R-8¢p"°V'V,¢. (7)

Solutions to the Einstein constraint Eq. (6) therefore
have physical Ricci scalar curvatures given by

R = (R). (8)

These simple solutions to the Einstein constraint equa-
tions therefore have the property that the physical scalar



curvature R is constant, R = (R). Thus the conformal
factor ¢ is the solution to the Yamabe problem [9] that
transforms g;; into the constant scalar curvature metric
Gij-
jFor this study the differential Eq. (6) has been solved
numerically using the pseudo-spectral methods imple-
mented in the SpEC numerical relativity code (developed
initially by the Caltech and Cornell numerical relativity
groups) as described in some detail in Refs. [4, 10]. These
methods solve the non-linear Eq. (6) by minimizing the
discrete version of the residual £ defined by

£=V'Vio— 1o (R-o'(R)). )
Table T lists (R) defined in Eq. (5) and the physical vol-
umes V defined by

Y= /\/gd% (10)

(where ¢ is the determinant of the physical metric) for the
geometries constructed for each of the manifolds included
in this study. These volumes V' measure the physical
“sizes” of the manifolds in the length-scale units of our
code, and can therefore be used to calibrate the sizes of
the curvatures of the geometries.

TABLE I: Compact non-orientable manifolds included in this
study. Also listed are the average scalar curvature (R ) defined
in Eq. (5), the physical volumes V defined in Eq. (10), and
the cosmological constants A determined by Eq. (4) for the

geometries with K = —1 constructed on each manifold.
Manifold (R) v A
P2#P%x S 37 x10°* 4.000 0.3333
P? x st 1.932 5.620 1.2992
S52x St 2.693 9.349 1.6797
P2#T? x St -3.866 4.113 -1.5998

The accuracy of the resulting numerical solutions can
be evaluated by measuring how well they satisfy the con-
straints. The Hamiltonian constraint, H, for the initial
value problem considered here is given by the expression

H:R+%(K2—3A):R—(R>, (11)
(see Ref. [4]). Consequently the Hamiltonian constraint
norm || H || defined by,

=y [ (R @) vadis, (2

is a useful tool for measuring the accuracy of the numer-
ical solutions. Figure 3 illustrates the values of || H || as
a function of the spatial resolution Ngiq (the number of
grid points in each direction of each multi-cube region)
for each of the manifolds studied here. These numerical

solutions are very time consuming for the higher resolu-
tion cases, and it is possible that the final results reported
here could have been improved somewhat with more com-
puter time or perhaps by setting somewhat different pa-
rameters in the PETSc solvers [11] used by the SpEC code.
The results illustrated in Fig. 3 show that the numerical
methods used in this study produce reasonably accurate,
numerically convergent solutions to the Einstein initial
value equations.
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FIG. 3: This figure illustrates the norm of the Hamiltonian
constraint, ||H || defined in Eq. (12), as functions of the
numerical resolution Ngriq for the non-orientable manifolds
P?#T? x 8* P?2 x S, and S?%S*. The values of || #H || for
the manifold P?# P? x S! are smaller than 6 x 107!° for all

values of Ngriq, and appears to be limited by double precision
roundoff errors.

The Hamiltonian constraint norm, || H ||, is a measure
of the homogeneity of the spatial Ricci scalar curvature R
for these solutions. Therefore these initial data have good
homogeneity in their scalar Ricci curvatures, R, as well
as exact homogeneity in their extrinsic curvature traces,
K. The homogeneity of these quantities are a necessary,
but not sufficient, condition to ensure that the spacetimes
evolved from these initial data remain homogeneous. In
a homogeneous spacetime the initial data for the entire
spatial Ricci tensor, R;;, must also be homogeneous, not
just its trace, R.

The homogeneity of the full spatial Ricci tensor can be
explored further using the curvature scalar R defined by

R? = 3R;;R". (13)

Its spatial average (R) and spatial variations AR are
defined by

(R) %/\@Rd?’x, (14)
AR = R —(R). (15)

An L norm of these variations, || AR || is defined by,

|aR | =5 [VE@R a%. (o)



is a useful measure of the homogeneity of R. Table 11
compares the spatial variations in the Ricci scalar cur-
vature, || H ||, the average values of the curvature scalar
(R), and the norm of the variations of the curvature
scalar || AR || in the initial data computed for each of
the manifolds included in this study. These results show
that while the full Ricci tensor in the initial data for the
P24 P? x S' manifold is homogeneous, this is not the
case for the other manifolds included in this study.

TABLE II: This table lists the average spatial variations in
the scalar curvature || || defined in Eq. (12), the average
curvature scalar (R) defined in Eq. (14), and the average
spatial variations in the curvature scalar || AR || defined in
Eq. (16) for the Ngia = 28 initial data on the manifolds
included in this study.

Manifold | H || (R) || AR ||
P2# P2 xS 65x107" 59x107H 57x107H
P? x St 4.7 x 107* 4.40 3.63
S2x 8t 3.1x107* 5.25 2.82
P?#T% x S'  85x107* 9.37 3.74

The reason the spatial Ricci tensor R;; fails to be
homogeneous, even for the physical metrics constructed
by solving the Yamabe problem, can be traced to the
properties of the conformal metric g;;. The conformal
metrics used for this study were the reference metrics
constructed to define the differentiable structures on the
multi-cube representations of the manifolds. These refer-
ence metrics were constructed from the basic structure of
the multi-cube representation. They were designed to be
C?~ across all the cube interfaces, but they were not de-
signed to control the spatial dependence of the curvature
within each cube. The conformal transformation used
to solve the Yamabe problem forced homogeneity on the
trace of the spatial Ricci tensor, but did not ensure the
full Ricci tensor was homogeneous in most cases. Figure 4
illustrates the initial values of the curvature scalar vari-
ation, AR, for the P2# T? x S! manifold. The imprint
of the multi-cube structure on the conformal metric g;;
is clearly visible in this figure. The failure of the method
used in this study to construct simple homogeneous ini-
tial data prevents us from constructing homogeneous cos-
mological models on most manifolds.

The curvature scalar 'R can also be used to detect
anisotropy in these geometries. It’s value is the same
as the standard Ricci scalar curvature, (R)? = R?, if the
space is isotropic and all the eigenvalues of the Ricci ten-
sor are the same. A rough measure of the isotropy of
these spaces can therefore be obtained by comparing the
average values of the Ricci scalar curvatures (R) from
Table I with the average values of the curvature scalar
(R) from Table II. These results show that the initial
data on the P24 P? x S' manifold is isotropic as well as
homogeneous, but this is not the case for the other man-
ifolds. The R? curvature scalar is proportional to the

FIG. 4: This figure illustrates the inhomogeneity of the vari-
ations in the curvature scalar AR defined in Eq. (15) for the
initial data on the P?# T2 x S manifold.

sum of the squares of the eigenvalues of the Ricci tensor.
In the P2# P? x S manifold (R) = 0 to roundoff error
accuracy, therefore the geometry on this manifold is flat.

IV. SIMPLE NON-ORIENTABLE
COSMOLOGICAL MODELS

This section describes the methods used to construct
simple non-orientable cosmological models by solving the
Einstein evolution equations using the initial data pre-
pared in Sec. III. The spatial metrics, gioj7 produced by
those solutions to the Einstein constraint equations are
used in two ways. First, they are used to construct the
initial data for the spacetime metric 7,[1217:

ds? = YQydada® = —dt* + g0 da'dat, (17)

where the indices from the first part of the alphabet,
e.g. a, b, ¢, ..., range over the four-dimensional space-
time coordinates, while the indices from the later parts
of the alphabet, e.g. i, j, k, ..., range over the three-
dimensional spatial coordinates on each t = constant
hypersurface. Second, the metric wgb is also used to
define the time-independent spacetime reference metric,
Yap = Y, that defines the differential structure in these
four-dimensional manifolds.

The representation of the Einstein equation used
to perform these evolutions is the covariant first-
order symmetric-hyperbolic representation developed in
Ref. [2]. The salient features of this representation are
summarized in Appendix A. The dynamical fields in this
representation are the spacetime metric, 14, its time
derivative, Ilq, = —t“Vtbep, and its spatial derivatives
D0 = Vithep, where t¢ is the future directed timelike
unit normal to the ¢ = constant hypersurfaces. The co-
variant derivative, V,, used in these definitions is the
one compatible with the reference metric: V.1, = 0.
The values of the dynamical fields on the initial spacelike



hypersurface used to start these evolutions are given by,

2!7 = 'J}alh (18)
m =o, (19)
HO = %Kog?jv (20)

q)w,b - O’ (21)

where KV is the trace of the extrinsic curvature used to
compute the initial data in Sec. III.

The first-order symmetric-hyperbolic representation of
the Einstein system has a large number of constraints,
which are described in some detail in Appendix A. The
overall magnitude of these constraints is summarized by
a quantity Cy defined in Eq. (A.12). The dimensionless
norm ||Cy || defined in Eq. (A.13) provides a useful mea-
sure of the fractional constraint violation errors in these
cosmological models that is monitored during each nu-
merical evolution.

An important goal of this study is to compare the sim-
ple non-orientable cosmological models constructed here
with the standard orientable homogeneous and isotropic
models. The spacetime metric for the standard cosmo-
logical models can be written in the form,

ds® = —dn® + a®(n)L? [dx* + Z%(x) (d6” + sin® 0de?)]

(22)
where L is a characteristic length scale, a(n) is a dimen-
sionless scale factor, and Z(y) is given by

siny, for k=41,
2(x) =< v, for k =0, (23)
sinhy, for k= —1,

for the orientable manifolds with positive, zero, and neg-
ative spatial curvatures respectively. The Einstein equa-
tions for these geometries are given by

da\? kA

() = -+ie 2y
d?a A

W = gaa (25)

in a spacetime where the cosmological constant A domi-
nates over the matter content of the universe.

The properties of the non-orientable cosmological mod-
els resulting from the numerical evolutions performed
for this study are most easily understood by expressing
the resulting spacetime metric, ¥4, in the three-plus-one
ADM form [12]:

ds® = gpdz®da®
= —N?dt* + g;j(dx’ + N'dt)(dz’ + N’dt), (26)
where N is the lapse, N* the shift, and g;; the spatial

metric on each ¢ = constant hypersurface. It will also be
helpful to define a scale factor a(t) that measures how

the determinant of the spatial metric, g(t) = det g;;(¢),
evolves with time,

a(t)® = @. (27)

The spatial average (a(t)), defined by

_ SV diz _ v
) = oy aa ~ Vo) =

is a generalization of the scale factor used in the stan-
dard orientable homogeneous and isotropic cosmological
models. Thus it will be interesting to compare the numer-
ical evolution of (a(t)) in the non-orientable cosmological
models constructed in this study with the analogous so-
lutions for a(n) from Egs. (24) and (25). These compar-
isons are complicated by the fact that the gauge choices
made to ensure stable numerical evolutions do not keep
the shift N(¢) fixed at its initial value. Consequently the
relationship between the numerical time coordinate, t,
and the time coordinate, 1, used on the standard cosmo-
logical models must be determined before comparisons
between the cosmological models can be made.

It will also be useful to determine the extent to which
the non-orientable cosmological solutions computed in
this study are homogeneous. The spatial variations in
a(t), as defined in Eq. (27), can be measured with re-
spect to its spatial average, (a(t)), by evaluating the norm
|| Aa || defined by

Jla(t) = (a(®))* g d*a
{a())? V(1) ’

Similarly the homogeneity of the lapse N can be evalu-
ated:

| Aa|* = (29)

JIN@) — (N@)? fd‘i

AN = VD

(30)

where (N(t)) is defined by,

JN(t)ygd's -

(N@W) = =5

A. Simple Homogeneous Cosmological Model

The only homogeneous and isotropic initial data con-
structed in Sec. III were the data for the P2# P? x S!
manifold. These initial data were evolved numerically un-
til the spatial volume of the space grew to ten times its
initial value. Figure 5 illustrates this volume increase by
showing that the scale factor a(t) increases from its ini-
tial value a(0) = 1 to the value a(0.9) ~ 2.154 at the end
of the evolution. These evolutions were performed using
multi-cube grids with resolutions Ngiq = {16, 20, 24,28}
in each spatial direction.
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FIG. 5: This graph illustrates the average scale factor, (a(t)),
and its spatial variations, || Aa(t) ||, defined in Egs. (28) and
(29) for the evolutions on the P?# P? x S' manifold. The
results of these evolutions for the spatial averages, (a(t)) using
different resolutions are indistinguishable on the scale of this
graph, so only the result from the highest resolution is shown.

Figure 6 illustrates the constraint norms ||Cy|| for
these evolutions. These norms are all at about the 108
to 1077 level and do not show significant (if any) conver-
gence as Ngyiq increases. The lower limit on these norms
is probably being set by the 10~7 time stepping tolerance
used in these evolutions.
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FIG. 6: This graph illustrates the constraint norm, ||Cyll,
defined in Eq. (A.13) for the evolutions on the P?# P? x S*
manifold.

Figures 5 and 7 illustrate the evolutions of the average
scale factor {(a(t)), the average lapse (N (t)) and their spa-
tial variations ||Aa(t)|| and |JAN(t)|| for the evolutions
on the P?# P? x S' manifold. These graphs clearly show
that both the scale factor a(t) and the lapse N (¢) remain
homogeneous at the double precision roundoff error level
throughout these evolutions. Similar levels of homogene-
ity were also maintained (but not displayed to save space)
by the other geometric scalars in these solutions, i.e. the
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FIG. 7: This graph illustrates the average value of the
lapse, (N(t)), and its spatial variations, ||AN(t)||, defined
in Egs. (31) and (30).

trace of the extrinsic curvature K (t), the trace of the spa-
tial Ricei curvature R(t), and the curvature scalar R(t).

Figure 7 shows that the lapse N(t) does not remain
constant during the evolutions, increasing from its ini-
tial value N(0) = 1 to the value N(0.9) = 10.0 at the
end. This implies that the time coordinate ¢ used in
the numerical evolutions is not the same as the time co-
ordinate 7 used in the standard representations of the
homogeneous cosmological models. Empirically we find
that (N) =~ (a)? for the evolutions on the P?# P? x S*
manifold, as demonstrated in Fig. 8 for the Ngiq = 28
evolution.

-12

10 T T T T
10—13 L
10 F
— NG O e O
- mat) - 1-9™ 0
-15 .’V ! ! ! !
10, 0.2 0.4 06 0.8
t

FIG. 8: The solid (black) curve in this graph demonstrates
that [(N) — (a)®| < 9 x 107'3 for the Ngiq = 28 evolution
on the P?# P? x S' manifold. Similarly the dashed (blue)
curve in this graph demonstrates that | (a(t)) — (1—t)"Y/?| <
2 x 107" for this evolution.

The scale factor a(n) is determined in the standard
homogeneous cosmological models by Eq. (24). The con-
stant k£ in that equation vanishes, k& = 0, for the flat
geometry on this P?# P? x S! manifold (see Table 1),



thus Eq. (24) simplifies in this case to

da A

o V3%
Since (N) = (a)?® for these evolutions (which are essen-
tially homogeneous as shown in Figs. 5 and 7) it follows

that dn/dt = a®. Therefore Eq. (32) can be transformed
into an equation for a(t):

(32)

da Ay

— =1\/za. 33

it~ V3" (33)
It is straightforward to integrate this equation analyti-
cally, with the result

~1/3
a(t) = <1 - 3\/§t> .

The value of the cosmological constant A used for these
evolutions is A = 1/3, see Table I. Therefore the analytic
expression for a(t) from Eq. (34) reduces to

alt) = (1 -

Figure 8 shows that the numerical (a(t)) for these evo-
lutions agrees with this analytical expression to within
2 x 10713 for the Ny g = 28 evolution.

(34)

£y~ (35)

B. Simple Inhomogeneous Cosmological Models

The initial data constructed in Sec. III on the P% x S!,
S2x S, and P?#T? x S' manifolds are significantly in-
homogeneous, so the cosmological models evolved from
them are not at all similar to the structure of our uni-
verse. These inhomogeneous models do, however, provide
useful tests of the numerical methods that have been de-
veloped to solve Einstein’s equation numerically on man-
ifolds with arbitrary spatial topologies. Those methods
had not previously been tested on significantly non-linear
evolutions like the inhomogeneous cosmological models
constructed here.

The initial data on the P2 x S* and S?xS! manifolds
were evolved in these tests until their spatial volumes in-
creased by a factor of ten. The spatial volumes in the evo-
lutions on the P?# T2 x S manifold increase initially, but
then reach a maxima when their volumes are about 1.28
times their initial values. The volumes in the P24 T2 x S*
evolutions then contract and their evolutions were contin-
ued until their volumes returned to their initial values.

Perhaps the most interesting features of these inho-
mogeneous evolutions are the constraint norms ||Cy ||.
The evolution of these norms are shown in Fig. 9 for
the S2xS' manifold. The results for the S?xS! and
P24 T? x S! manifolds are qualitatively similar, and
therefore will not be displayed to conserve space. The
most important feature of these constraint norm graphs is

the fact that they show excellent numerical convergence.
These graphs show that value of ||Cy || is reduced by a
factor of about 0.8 as the spatial resolution Ngiq is in-
creased by four in each successive higher resolution evolu-
tion. This is the key indicator of exponential convergence,
and shows that the numerical methods used in this study
are producing exponentially convergent solutions to the
Einstein evolution equations.

T T T T T T
[ P g N SN NEY .
—] '-'.:"/ /"// b \\\/ v \\\‘
N “\ \
= [ ,'/( \/\v\ \
[ \
2 il 6 N
- 10 5';’ — Ngrid 1 N/
2 —
:I| ..... id = 20
ﬂ T Ngrid =24
l: -0 Ngrid =28
i
|
10—4 1 1 1 1 1 1
0 01 02 03 04 05 06
t

FIG. 9: This graph illustrates the dimensionless constraint
norm, ||Cy ||, defined in Eq. (A.13) for the evolutions on the
S$2% 81 manifold.
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FIG. 10: This graph illustrates the average scale factor, (a(t)),
and its spatial variations, || Aa(t) ||, defined in Egs. (28) and
(29) for the evolutions on the P? x S* manifold.

Figure 10 illustrates the average scale factor (a(t)) and
the norm of its spatial variations || Aa(t)|| defined in
Egs. (28) and (29) for evolutions on the P? x S man-
ifold. The results for the evolutions on the S?xS! and
P24 T? x S' manifolds are qualitatively similar. The
results of these evolutions using different resolutions are
indistinguishable on the scale of this graph, so only the
results for the Ngrig = 28 case are shown. The most in-
teresting feature of this figure is the fact that the spatial
variation in the scale factor || Aa(t) || increases from zero



in the initial data to about 0.2814 at the end of the evo-
lution. This illustrates the significant inhomogeneity of
these models.

Figure 11 illustrates the average value of the lapse
(N(t)) and the norm of its spatial variations || AN (t) ||
defined in Egs. (30) and (31) for evolutions on the
P24 7% x S' manifold. The results for the evolutions
on the P2 x S! and S?xS! manifolds are qualitatively
similar. The results of these evolutions using different res-
olutions are indistinguishable on the scale of this graph,
so only the results for the Ny,iq = 28 case are shown. The
most interesting feature of this figure is the fact that the
spatial variation in the lapse ||AN(t)|| increases from
zero in the initial data to about 0.04568 at the end of the
evolution.
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FIG. 11: This graph illustrates the average value of the

lapse, (N(t)), and its spatial variations, ||AN(t)||, defined
in Egs. (30) and (31) for the evolutions on the P?#T? x S*
manifold.

V. DISCUSSION

This study focused on applying and evaluating the
numerical methods developed in recent years to solve
Einstein’s equation on manifolds with non-trivial topolo-
gies [I-41] by applying them to a study of simple cos-
mological models on manifolds with non-orientable spa-
tial slices. Solutions to Einstein’s equation were con-
structed on manifolds with spatial slices having the four
non-orientable topologies: P2 x SY P?#pP? x S,
P2#T? x S', and S?xS'. The Einstein constraint
equations were solved numerically on these manifolds
to produce initial data with homogeneous spatial Ricci
scalar curvatures and constant extrinsic curvature traces.
These initial data were then evolved numerically long
enough to allow the spatial volumes of the manifolds to in-
crease by a factor of ten. These numerical solutions were
shown to be exponentially convergent on the manifolds
P2 x S, P?2#T? x S, and S?xS'. The extremely small
constraint violations in the solutions on the P?#P? x S*

manifold appear to be limited by double precision round-
off errors for the elliptic initial data solves, and time-
stepping errors for the hyperbolic evolutions. The nu-
merical solutions on the manifold with spatial topology
P24 P? x S' were shown to produce homogeneous cos-
mological solutions that agree with high precision locally
to the corresponding Friedman cosmological model on an
orientable manifold. The numerical solutions on the man-
ifolds P? x 81, P24#T2 x S', and S?xS! were all shown
to have significant inhomogeneities in their initial data,
and these inhomogeneities were shown to grow as those
initial data were evolved. While these inhomogeneous
solutions do not make good cosmological models of our
universe, they do serve as good tests of our numerical
methods and their implementation in the SpEC code.
This study also reveals serious limitations in the
method used to construct homogeneous initial data for
cosmological models on manifolds with non-trivial topolo-
gies. In general, the reference metrics constructed by the
method described in Ref. [3, 8] are not well suited to
serve as the conformal metrics used to solve the initial
data problem. These reference metrics have very inhomo-
geneous geometries that can not be made homogeneous
by a simple conformal transformation. Better methods
must be developed for constructing suitable conformal
metrics on these manifolds. At this point perhaps the
most promising method would be to smooth the current
reference metrics by evolving them using Ricci flow [13].
We intend to explore this possibility in a future study.

Appendix A: Covariant First-Order
Symmetric-Hyperbolic Einstein System

This study uses a covariant representation of the Ein-
stein equations that enforces generalized harmonic gauge
conditions [2]. The covariance of this representation is
essential for the study of solutions on manifolds with
multiple multi-cube coordinate patches, such as the non-
orientable manifolds studied here. All the dynamical
fields in this representation are tensors, so they can be
transformed in a straightforward way across the inter-
faces between coordinate patches. The dynamical fields,
u®, for the first-order symmetric-hyperbolic representa-
tion of the Einstein equations used in this study are the
collection of tensor fields,

’u’a = {¢ab; Hab7 (I)iab} bl

were 14, is the spacetime metric, and the tensors Il
and ®;,;, represent its first derivatives,

(A1)

Hab - _tc@cwab,
Doy = Vithap.

(A.2)
(A.3)

The covariant derivative V. used in these expressions
is the one compatible with the reference metric tu:
Vetbay = 0. This reference metric is also used to de-
fine the Jacobians used to transform tensor fields across



the boundary interfaces between multi-cube regions. The
vector t¢ represents the unit timelike normal to the space-
like hypersurfaces used to perform the evolutions. The
lower range of Latin indices, e.g. a, b, ¢, ..., range over
the four spacetime coordinates, while the higher range of
indices, e.g. i, j, k, ..., range over the three spatial co-
ordinates on each t = constant hypersurface. The Greek
indices, e.g. «, 3, v, range over the fifty components of
the dynamical tensor fields u®. The Einstein equations
for these fields can be written in the first-order form

du® 4+ AF5(0)Vyu? = F(u,T, ), (A.4)

where the tensors A (u) and F*(u,T,dT') depend in
complicated ways on the dynamical fields u®, the refer-
ence connection I'¢,;, and its derivatives 941'¢,,. The de-
tailed expressions for this representation of the covariant
Einstein evolution system are given in Ref. [2].

The spacetime coordinates are determined in the gener-
alized harmonic representations of Einstein’s equation by
imposing a condition on the difference between the con-
nection I'°;, associated with the reference metric v,;, and
the physical connection I'¢,;, associated with the phys-
ical spacetime metric 4. In particular the difference
between these connections is fixed by a gauge source func-
tion H,:

Ha = _wad wbc (dec - dec) . (A5)
(Note that the difference between any two connections is a
tensor.) In general H, may be any function that depends
on the physical metric 14, (but not its derivatives) and
the reference metric 14,. The gauge condition used for
the numerical evolutions performed in this study is the
simple harmonic condition, H, = 0.

The generalized harmonic evolution system contains a
number of constraints. In particular the gauge condition,
Eq. (A.5) is in effect a constraint

Ca = Ha + wadwbc (dec - dec) . (A6)
on the dynamical fields. In addition, the equation that
defines ®,45, Eq. (A.3), is also a constraint

Ciab = 61’&@() - ‘I)iab-

These primary constraints, C, and C;,p, satisfy a second-
order system of evolution equations as a consequence of
the Einstein evolution system, Eq. (A.4). (See Ref. [2] for
details.) This second-order constraint evolution system
can be converted to a first-order symmetric hyperbolic
system by introducing the secondary constraints,

(A7)

Fo, = t°V.Ca, (A.8)
Cia = ViCa, (A.9)
Cijab = 2V[iCjlap- (A.10)

The symmetric-hyperbolic evolution equation for the col-
lection of constraints,

C* = {Ca,Ciav, Fa:Cia: Cijav } » (A.11)
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ensures that solutions to the Einstein Eq. (A.4) that sat-
isfy the constraints, C%, on an initial surface will satisfy
them throughout the evolution of those initial data. Nu-
merical solutions to the equations will of course contain
(hopefully small) violations of these constraints. This
study monitors the size of these constraint violations by
evaluating a norm constructed from the composite con-
straint, Cy, defined by,

Ch = 6% (CaCo + FuFs)
+375°6° (CiacCiba + 23 CinacCiipa) - (A.12)
This study evaluates a norm of Cy, ||Cy ||, defined by
2 fCi\/gdSz
INVgd3z

The quantity that appears in the denominator, N, is
defined by

[1Cy |l (A.13)

Ni = 5ab5€d§ij (8i¢acaj¢bd + 8iHac8ijd)

+0905°4 G GM 0, B 1,005 . (A.14)
It has been included in the definition of || Cy || to provide
a dimensionless measure of the fractional errors due to
constraint violations in the numerical solutions to the
Einstein evolution system.

Acknowledgments

We thank Michael Holst for providing the computa-
tional resources used to perform the numerical calcula-
tions reported in this study. We also thank James Nester
for several helpful conversations about the geometry of
non-orientable manifolds. L.L. was supported in part by
grant No. 2407545 from the National Science Foundation
to the University of California at San Diego, USA. F.Z.
was supported by the National Key Research and Devel-
opment Program of China grant 2023YFC2205801, and
the National Natural Science Foundation of China grants
12433001 and 12021003.



11

[1] L. Lindblom, B. Szildgyi, J. Comput. Phys. 243, 151
(2013)

[2] L. Lindblom, B. Szildgyi, N.W. Taylor, Phys. Rev. D 89,
044044 (2014)

[3] L. Lindblom, N.W. Taylor, O. Rinne, J. Comput. Phys.
313, 31 (2016)

[4] F. Zhang, L. Lindblom, Gen. Relativ. Gravit. 54, 131
(2022)

[5] R. Geroch, Journal of Mathematical Physics 9, 1739
(1968)

[6] R. Geroch, Journal of Mathematical Physics 11, 343
(1970)

[7] B. Grinstein, R. Rohm, Commun. Math. Phys. 111, 667
(1987)

[8] L. Lindblom, O. Rinne, N.W. Taylor, J. Comput. Phys.
410, 110957 (2022)

[9] H. Yamabe, Osake J. Math. 12, 21 (1960)

[10] H.P. Pfeiffer, L.E. Kidder, M.A. Scheel, S.A. Teukolsky,

Comput. Phys. Commun. 152, 253 (2003)

[11] S. Balay, S. Abhyankar, M.F. Adams, S. Benson,
J. Brown, P. Brune, K. Buschelman, E. Constantinescu,
L. Dalcin, A. Dener, V. Eijkhout, W.D. Gropp, V. Hapla,
T. Isaac, P. Jolivet, D. Karpeev, D. Kaushik, M.G. Kne-
pley, F. Kong, S. Kruger, D.A. May, L.C. McInnes, R.T.
Mills, L. Mitchell, T. Munson, J.E. Roman, K. Rupp,
P. Sanan, J. Sarich, B.F. Smith, S. Zampini, H. Zhang,
H. Zhang, J. Zhang, PETSc/TAO users manual. Tech.
Rep. ANL-21/39 - Revision 3.16, Argonne National Lab-
oratory (2021)

[12] R. Arnowett, S. Deser, C.W. Misner, in Gravitational:
An Introduction to Current Research, ed. by L. Witten
(Wily, New York, 1962), pp. 227-265

[13] B. Chow, D. Knopf, The Ricci Flow: An Introduc-
tion, Mathematical Surveys and Monographs, vol. 110
(Amer. Math. Soc., 2004)



	Introduction
	Simple Non-Orientable Manifolds
	Simple Initial Data
	Simple Non-Orientable Cosmological Models
	Simple Homogeneous Cosmological Model
	Simple Inhomogeneous Cosmological Models

	Discussion
	Covariant First-Order Symmetric-Hyperbolic Einstein System
	Acknowledgments
	References

