
CFD PPLTMG UsingA Posteriori Err or
Estimatesand Domain Decomposition

Randolph E. Bank, 1 Michael Holst, 2 Bertrand Mantel, 3

JacquesPériaux, 4 and Chun Hua Zhou 5

Abstract. Thistwo-partpaperexaminestwo approaches
for meshadaptation,usingcombinationsof a posteriori
errorestimatesanddomaindecomposition.

In thefirst part,we considera domaindecomposition
methodappliedto thegeneralizedStokesproblem,with
meshadaptationin eachsubdomainusingthea posteri-
ori local error estimatorasadaptationindicator. We ap-
ply domaindecompositionwithout overlapping,andthe
condition of compatibility on the interface is enforced
weaklyvia a Lagrangemultiplier. Thea posteriorierror
estimatesfor thisproblemareconstructedcorresponding
to linearapproximationfor thevelocity, densityor pres-
sureandtheLagrangemultiplier associatedwith thecon-
strainton the interface.All the errorsareapproximated
in the spaceof bump quadraticfunctions,a hierarchical
basisof the spaceof quadraticfunctions.The localiza-
tion of theerrorestimationis basedon solving the local
problems,andanequivalencebetweentheerrorestima-
torsandtheexacterrorshasbeendemonstrated.

In thesecondpart,weoutlineanew approachfor adap-
tive meshgenerationwhich allows for the use of ex-
isting (sequential)adaptive meshrefinementalgorithms
and software in a distributed computingenvironment.
Moreover, theprimarycomponentsof thisnew algorithm
arehandledin parallel,with no communicationrequire-
ments.Wefirst outlinethealgorithm,andthengive anu-
mericalexampleusingPLTMG asthesequentialadaptive
codeusedin thenew algorithm.
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1 Err or Estimator for the StokesProblem
with Domain Decomposition

1.1 Domain decompositionfor the
generalizedStokesproblem

1.1.1 Problemdefinition

Let
�

bea boundedopensubsetof ��� with boundary� .
Weproposeto solve in

�
thefollowing generalizedcom-

pressibleStokesproblemwith Dirichlet boundarycondi-
tions: �� �	��
������
������������� in

�� �"! 
#�%$&�'�)( in
�
�� �* on � (1)

where� , � and $ arepositive constants.
Here we considerthe decompositionof

�
into two

non-overlappingsubdomains,
�,+

and
� � :� � � +.- � ��,+0/�� � �21

Wedenotetheinterfacebetween
� +

and
� � by 3 .

Now theglobalproblemin
�

is replacedby theprob-
lemsposedin eachsubdomain:�444� 444� for 5 �7698;:=<>
0?@8@�A?CB solves�D
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1.1.2 LagrangianFormulation

In orderto solve problem(2), a Lagrangemultiplier �P is
introduced,associatedwith theinterfacecondition 
 + �
 � , that is to say, we weakly imposecontinuity of the
solution 
 across3 .

We definethefollowing spaces:Q'R � QSR +UT Q'R �
andQ R ? �HV&W ?DX <ZY + < � ? B[B �9\ W ?�] ^`_ � �*bac �2d � < �,+ B T d � < � � Be �gf`YihUjk < 3 B@l �

Thereforewe searchthe solution of following La-
grangianformulation:�444444444444444� 444444444444444�

Find <>
m8@�n8 �P B X QSR T c T e , suchthat:�o?qp +sr �Stvu _ 
 ? W ?xwzy ���=tvu _ �{
 ? �	W ?Zwzy�|�'t u _ �A?n�}! W&? wzy�~ ��tv� �P <x� � ��� + B wz�� �o?qp + <��� ? 8�W ? B L W X Q��� �o?�p +sr � t u _ ��!�
0?Z��? wzy �%$ t u _ �A?Z��? wzy�~��� �o?�p + <Z( ? 8[� ? B L � X c�st � �� <>
 � ��
 + B wz� � �� L �� X e
(3)

Here for simplicity we denote by the integral on3 , the product of duality. The left hand side of
(3) defines a bilinear form subsequentlydenotedby� � <[<>
�8@�n8 �P B;8�<CW�8[��8 �� B[B .

Remark1 Whenthe interfaces3 crosswith Dirichlet
boundaries,thevariationalformulation(3) is equivalent
to original problem(2) only underthe hypothesis�* Xf9Y jkM��� < � B@l � for � X7� � 8 +�9� .

Remark2 The Lagrangemultiplier �P can be inter-
pretedas:�P � r � JE
0?J �� ? ����� ? �� ?Z~ � <@��6�B ? in f9Y hUjk < 3 B@l �

The linear systemof problem(3) canbe solved by a
preconditionedconjugategradientalgorithm.In eachit-
erationof thealgorithm,a generalizedStokesproblemis
solvedin eachsubdomain.In this work, we solve it with
astandardPetrov-Galerkinformulation.

1.2 Discretization

Now we considerthediscretizationof problem(3) using
domaindecomposition.

Thesubdomains
�,+

and
� � areapproximated

��� +
and��� � which arepolygonaldomainsde ��� . Let � � + and� � � bethedomaindiscretizationof

��� +
and
��� � :� ? ����M�v �¡ _M¢ L&5 �76M8;:

Theinterface 3 is approximatedby a polygonalline 3 � .
Thetriangulationsof of

��� +
and
��� � arenot requiredto

matchalongtheinterface 3 � .
Sincethespaces

Q R
,
c

and
e

arenot independent,the
choiceof the discreteLagrangemultiplier space

e �
fore

is influencedby thechoiceof thediscretespaces
Q R �

and
c �

for
Q'R

and
c

, respectively.
Since the Stokes equationsare stablein the Petrov-

Galerkinformulation,wecandiscretizevelocityandden-
sity with piecewisepolynomialsof thesamedegree.The
spaces

QSR
and
c

areapproximatedspacesof Lagrange
finite elementswith degree £ �76 or : :Q'R � � QSR � +,T QSR � � andQ R � ? � ¤9W � ? X <C¥ � < � ? B[B � \ W � ? ] ^ _;� �* \W � ? X <Z¦=§�< ¢ B[B � 8 L ¢ X � � ?©¨c � � c � + T c � � andc � ?ª� ¤�� � ? X ¥ � < � ? B \ � � ? X ¦ § < ¢ B;8 L ¢ X � � ? ¨

Thenwe take adiscretizationfor space
e

with helpof
finite elements¦ § on 3 � , e � is definedby:e � �I¤`W � X <C¥ � < 3 B[B � \ W � ] «&¬�X <Z¦ § <Z�®MB[B � 8 L m® X 3 � ¨
�®¯��° ±�®z8²±�® � +@³ is definedasfollow:

The partition ± +�´ ± � !µ!µ! ´ ±n¶ is the largest trace
comingfrom thetriangulations� � + and � � � on theinter-
face(seefigure1).

1.3 A posteriori error estimates

1.3.1 Formulationof a posteriorierror

Let <>
�·.8@�¸·�8M�P ·bB denote the solution obtainedusing
piecewise linear functions(k=1) and <>
m8>�n8v�P B is theso-
lution of system(3). Let< �¹ 8Nºz8 �» B¼��<>
�8©�n8 �P B.�#<>
�·�8@�¸·�8 �P ·bB (4)

betheerrorof lineardiscretizationof (3) andthendefine
thespacesof piecewise Y + functions:Y +½ �2Y +½ j T Y +½ k andY +½ _ ��¾ �M�M �¡ _ Y + < ¢ B0�I¤��&8N� ] � X Y + < ¢ B;8 ¢ X � � ?©¨(5)
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For <CW�8[��8 �� B X <ZY +½ B � T Y +½ T e , after integrating
by parts over eachtriangle, we obtain the systemfor< �¹ 8[ºz8¸�» B :� � <[< �¹ 8[ºz8 �» B;8�<CWD8[�A8 �� B[BD�2dU<CWD8[�A8 �� B��#¿�<[< �¹ 8[º9B;8�<CW�8N�MB[B

(6)
with thelinearforms d�<@! B andbilinearforms ¿�<@!µ8�! B :dU<CWD8[�A8 �� Bo �?qp + °À< �� ?[8�W&?CBE�2<Z(&?@8;W&?CB0�Á��< �NÂzÃzÄ _Â`Å ��Æ 8�° W&? ³�Ç B[È&_�É��<²� ·�? �� 8�° W ? ³ Ç B È&_ � o �M�M  ¡ _ P � <��� ? 8@�{�I� ? �F�DW ? B � ³� � � <[<>
D·.8[�¸·E8 �P ·bB;8�<CWD8[�A8 �� B[B

(7)
and¿�<[< �¹ 8[º9B;8�<CW�8[�MB[B�� �Ê ?qp + <@�|�#Ë J �¹ ?J �'Ì Æ �%�Eº9? �� 8�° W&? ³²Ç B[È&_

(8)
wherethe set Í ? containsall interior edgesof the tri-
anglesin � � ? and °�! ³ Æ , °�! ³ Ç meanthe averageandjump
valuesof a functionacross¹ X Í + - Í � .
1.3.2 Definitionof local estimatorof a posteriori

error

Wedenote
QSR � T c � T e �

by Î�Ï� when £ �): and Î ·�
when £ �76 . We have thehierarchicaldecompositionÎ Ï� � Î ·��Ð ÎIÑ�
where Î Ñ� is a spaceof thecontinuousquadraticbump
functions.

If weresolve theproblem(3) with Î Ï� usingthehier-
archicalbasis,oneexpectsintuitively thatthecomponent
of the new solutionlying in Î ·� will changevery little
from thecalculationwith Î ·� . So, thecomponentlying
in Î Ñ� shouldbe a goodapproximationto the error of
thesolutionon theoriginal spaceÎ ·� .

Correspondingto system(6) andin orderto improve
theefficiency of thecomputationof a posteriorierrores-
timatorwe usea spaceof discontinuousquadraticbump
functions, <ZÒÁB � T Ò T <ZÒ � B � , to approximatetheerror< �¹ 8[ºz8 �» B .

Notethatnoneof thetermsin thebilinearform ¿�<@!µ8�! B
can be calculatedfrom available data since the error
terms �¹ and º are not known. On the contrary, all the
terms in the linear form dU<@! B can be calculatedfrom
the currentsolution <>
D·08@�¸·�8 �P ·bB . Therefore,abandon-
ing theterm ¿�<@!µ8�! B , we definethelocal a posteriorierror

estimator< �¹ � 8[º � 8 �» � B by thefollowing system:�� � Find < �¹ � 8[º � 8A�» � B X <ZÒÁB � T Ò T <ZÒ � B � sothat:� � <[< �¹ � 8Nº � 8 �»`� B;8�<CW�8@�A8 �� B[B[ÓF�2dU<CW�8N��8 �� B[ÓL <CW�8[��8 �� B X <ZÒÁB � T Ò T <ZÒ � B � (9)

More explanationanddetailsaregiven in the Zhou’s
thesis[3].

Therearetwo casesfor thedefinitionof ¦ :
Case1¦���� ¶ ¢ ¶ 8�J ¢ ¶�Ô 3 � X �® and ¢ ¶7X � � ? 8 L&5 �7698;:

where m® is the supportof �» ® � , the error estimatorof
Lagrangemultiplier. As an examplein figure 1 ¦ is an
union of triangleswith Õ . In this casethe local Stokes
problem(9) is solvedby a conjugategradientalgorithm.

Case2 ¦�� ¢ when J ¢ Ô 3 � �)1
In this case,no trianglehasan interaceedge,andthe

system(9) is thesameaswithoutdomaindecomposition,
andreducesto thesolutionof a local Stokesproblemon
eachtriangle.
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×××× ÖÖÖÖ
± ® � +Ø Ø Ø ØÙ Ù Ù Ù ± ® � �

ÙÙÙÙ Ø Ø Ø Ø± ® �bÚ ÛÛÛÛÛÛÛ ± ® ��Ü 3
*

* * *Ý Þm®

Figure1. InterfacepartitioningandPdefinitionin case1

2 A DecoupledStrategy

The secondstrategy, still underdevelopment,is a new
procedurefor adaptive meshgenerationwhichallowsfor
theuseof existing (sequential)adaptive meshrefinement
algorithmsandsoftwarein a distributedcomputingenvi-
ronment.

One of the most difficult obstaclesto overcomein
makingeffective useof parallelcomputersfor adaptive
finite elementcodessuch as PLTMG [1] is the load
balancingproblem.As an adaptive methodadjuststhe
meshaccordingto the featuresof thesolution,elements
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Figure 2. Densityplot for thefourthmeshadaptationlevel

in someareasarerefined,whereasothersarenot. If an
initial meshis distributed quite fairly amonga number
of processors,a very gooderrorestimator(coupledwith
adaptive refinement)quickly producesa very badwork
load imbalanceamongthe processors.We proposean
alternative approachthat addressesthe load balancing
problemin a new way, requiringfar lesscommunication
thancurrentapproaches.This approachalsoallows ex-
istingsequentialadaptive PDEcodessuchas PLTMG to
run in a parallelenvironmentwithout a largeinvestment
in recoding.

Our approachhasthreemaincomponents:

1. Webegin bysolvingasmall(nonlinear)problemonan
initial coarsemesh,andcomputeana posteriorierror
estimatefor thecoarsegrid solution.We partition the
domainsuchthat eachsubdomainhasapproximately
equalerror (althoughthey cansignificantlydiffer in
sizeandnumbersof elements).

2. Eachprocessoris provided thecompletecoarsemesh
andsolution,andinstructedto solve the entire (non-
linear) problem,with the stipulationthat its adaptive
refinementshouldbe limited largely to its own parti-
tion. Load balancingis achieved by instructingeach
processorto addthesamenumberof nodesto its as-
signedsubregion.

3. A final meshis computedusing the union of the re-
finedpartitionsprovidedby eachprocessor. Thismesh
could be regularizedor left asa non-matchingparti-
tionedgrid. In eithercase,a final solutioncomputed,
using a standarddomaindecomposition,mortar ele-
ments,or parallel multigrid technique,startingfrom

the(very good)initial guessprovidedby thelocal so-
lutions.

Ourapproachhasseveralinterestingfeatures.First,the
loadbalancingproblem(step1) is reducedto thenumeri-
calsolutionof asmallproblemona singleprocessor, us-
ing asequentialadaptivesolversuchas PLTMG, without
requiringany modificationsto thesequentialsolver. Sec-
ond,thebulk of thecalculation(step2) takesplaceinde-
pendentlyon eachprocessor, andcanalsobeperformed
with a sequentialsolver suchas PLTMG with no modi-
ficationsnecessaryfor communication.(In PLTMG one
line of codewas added,which artificially multiplied a
posteriorierrorestimatesfor elementsoutsidea proces-
sor’s partitionby 6 � h&ß .) Step2 wasmotivatedby recent
work of Mitchell [4] onparallelmultigrid methods.

Theonly partsof thecalculationrequiringcommuni-
cationare(1) the initial fan-outof themeshdistribution
to theprocessors,oncethedecompositionis determined
by theerrorestimator, (2) themeshregularization,requir-
ing localcommunicationto produceaglobalconforming
mesh,and(3) the final solutionphase,which might re-
quire local communication(boundaryexchanges).Note
thata goodinitial guessfor step3 is provided in step2
by taking the solutionfrom eachsubregion restrictedto
its partition.

A more completediscussionof this methodcan be
found in [2]. In the limited spaceavailable here, we
are contentto presentan example.In this examplewe
solve the full (nonlinear)potentialflow problemabouta
NACA0012airfoil.

Theinitial mesh,generatedfrom thegeometrydescrip-
tion, had384 trianglesand221 vertices(seeFigure3).
Thedomainis partitionedinto four subregionswith ap-
proximatelyequalerrorusinga recursive spectralbisec-
tion algorithm.Theerroris approximatedusingstandard
a posteriorierrorestimates[1].

Thenfour independentproblemsweresolvedwith the
meshadaptively refinedto onewith approximately5000
unknowns.Refinedmeshesfor two of thefour problems
areshown in Figures4-5.

Themeshesfrom the four subproblemsarecombined
to form aglobally refinedmeshwith 37913trianglesand
18723vertices.Thismeshis conformingandis shown in
Figure6.

Theinitial guessfor theglobalsolutionis computedby
combiningthesolutionsfrom thefour subproblems.The
local Mach number Î <Cà'ábB computedfrom the initial
guessfor the the global solution is shown in Figure 7.
(In our example, Î%â �ã! ä , with zeroangleof attack.)
Startingfrom this initial guess,the final global solution
is computed;sincethe initial guessis very good,only a
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Figure3. Theinitial triangulation,partitionedinto four
subregionswith approximatelyequalerror.

Figure4. Therefinedmeshfor problem1.

Figure5. Therefinedmeshfor problem3.

Figure6. Theglobal refinedmesh.
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small amountof smoothingis required.Î <Cà'ábB for the
final globalsolutionis shown in Figure7.

Figure 7. å#æ²ç,è¸é computedfrom theinitial guessfor the
globalsolution.

Figure8. å#æ²çÉè�é computedfrom thefinal globalsolution.

In Table1, wegivetheoverallexecutiontimes(in sec-
onds)for this calculation.The timesarefor anSGI Oc-
tane195mhzR10000,usingthef77 compileroptions-O
-32.

The initialization time includesgeneratinga coarse
meshfrom thegeometrydescription,solving thecoarse
meshproblem,computinga posteriori error estimates,
andpartitioningthedomain.Theinitialization wasdone
on oneprocessor. Thetimesfor eachof thesubproblems
includeall aspectsof theadaptive feedbackloop, includ-
ing matrix andright handsideassembly, solutionof lin-

Initialization 0.82
Solve Subproblem1 12.9
Solve Subproblem2 13.0
Solve Subproblem3 13.0
Solve Subproblem4 12.9
Postprocessing 0.81

Table 1. Executiontimes(seconds)for thepotentialflow
example.

earandnonlinearsystems,a posteriorierrorestimation,
andadaptive refinementandmeshsmoothing.It alsoin-
cludessomerelatively inexpensive clean-up,mainly re-
moving unwantedparts of eachmeshand solution in
preparationfor creatingtheglobalcompositemesh.Post-
processingincludesthecreationof a global conforming
meshandforminganinitial guessfor thethesolutionon
that mesh.In our presentcode,this is alsodoneon one
processor.

FromTable1 we seethatalthoughthemix of calcula-
tionswasdifferentfor eachsubproblem,theoverall times
do not vary too much.And sincetheseproblemswere
solvedcompletelyindependently, therewasnotimespent
in communicationbetweenprocessors,synchronization,
etc.
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