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Abstract. Projected-search methods for bound-constrained optimization are based on perform-
ing a search along a piecewise-linear continuous path obtained by projecting a search direction onto
the feasible region. A potential benefit of a projected-search method is that many changes to the
active set can be made at the cost of computing a single search direction.

As the objective function is not differentiable along the search path, it is not possible to use a
projected-search method with a step that satisfies the Wolfe conditions, which require the directional
derivative of the objective function at a point on the path. For this reason, methods based in full or
in part on a simple backtracking procedure must be used to give a step that satisfies an “Armijo-like”
sufficient decrease condition. As a consequence, conventional projected-search methods are unable
to exploit sophisticated safeguarded polynomial interpolation techniques that have been shown to be
effective for the unconstrained case.

This paper describes a new framework for the development of a general class of projected-search
methods for bound-constrained optimization. At each iteration, a descent direction is computed with
respect to a certain extended active set. This direction is used to specify a search direction that is
used in conjunction with a step length computed by a quasi-Wolfe search. The quasi-Wolfe search
is designed specifically for use with a piecewise-linear search path and is similar to a conventional
Wolfe line search, except that a step is accepted under a wider range of conditions. These conditions
take into consideration steps at which the restriction of the objective function on the search path is
not differentiable. Standard existence and convergence results associated with a conventional Wolfe
line search are extended to the quasi-Wolfe case. In addition, it is shown that under a standard
nondegeneracy assumption, any method within the framework will identify the optimal active set in
a finite number of iterations.

Computational results are given for a specific projected-search method that uses a limited-
memory quasi-Newton approximation of the Hessian. The results show that, in this context, a
quasi-Wolfe search is substantially more efficient and reliable than an Armijo-like search based on
simple backtracking. Comparisons with a state-of-the-art bound-constrained optimization package
are also presented.
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1. Introduction. This paper describes a new framework for the development of
a general class of projected-search methods for the bound-constrained problem

(BC) miniglize f(x) subject to x € £,
oy

where f : R" — R is a twice-continuously differentiable function and 2 = {x €
R (<z< u} for vectors of lower and upper bounds such that ¢ < u (with all
inequalities defined componentwise). The gradient of f at x is denoted by Vf(z). The
active set of variables on their bounds at € 2 is denoted by A(x), i.e., A(z) = {i:
x; =40; or x; =u;}.
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Projected-search methods for problem (BC) generate a sequence of feasible iter-
ates {xy}72, such that x441 = projo(rr + arpr), where py is a descent direction
for f at xg, oy is a scalar step length, and proj ,(z) is the projection of z onto the
feasible region, i.e.,

b itz < b,
[projo(x)]i = Qu; if z; > uy,
x; otherwise.

The new iterate may be written as 241 = zi(ay), where 24 (a) denotes the vector
zi(a) = proj o(xr + apy). A potential benefit of a projected-search method is that
many changes to the active set can be made at the cost of computing a single search
direction. The projected-search methods of Goldstein [17], Levitin and Polyak [22],
and Bertsekas [2] are based on using the steepest-descent direction pp = —Vf(z).
Bertsekas [4] proposes a method based on computing pj, using a Newton-like method.
Calamai and Moré [8] consider methods that identify the optimal active set using
a projected-search method and then switch to Newton’s method. Projected-search
methods based on computing pi; using a quasi-Newton method are proposed by Ni
and Yuan [26], Kim, Sra and Dhillon [20], Ferry [11], and Ferry et al. [12].

Many methods for unconstrained minimization generate a sequence of iterates
{z1}72 such that x4, is chosen to give a decrease in f that is at least as good as
a fixed fraction n, (0 < n, < 3) of the decrease in the local affine model f(z) +
Vf(zr)T(x — ap). If 241 is computed as xj41 = Tx + appr, where py is a descent
direction for f at xj and «j is a positive scalar, then the decrease condition may be
written as

(1.1) flar + arpr) < f(zr) + axna Vi (@r) e,

which is known as the Armijo condition (see, e.g., Armijo [1], Ortega and Rhein-
boldt [28]). Most Armijo line searches are implemented as a simple backtracking
procedure in which an initial step is reduced by a constant factor until the Armijo
condition (1.1) is satisfied. Alternatively, backtracking may be used in conjunction
with a simple quadratic interpolation scheme using f(z), Vf(xx)  pr and f(zx +api)
at each trial a (see Dennis and Schnabel [9]).

Many practical methods use an «j that satisfies an additional condition on the
directional derivative Vf(xs + axpr) pr. In particular, the strong Wolfe conditions
require that «y satisfies both the Armijo condition (1.1) and

(1.2) IVf (z1 + arpr) "ox| < 0w V(1) Toel,

where 7y, is a preassigned scalar such that 7y € (n4,1) (see, e.g., Wolfe [30], Moré
and Thuente [25], and Gill et al. [16]). The strong Wolfe conditions allow 7, to
be chosen to vary the accuracy of the step. If 1, is fixed at a value close to zero
(e.g., 107%), then a value of n,, close to n, gives a “tighter” or more accurate step
with respect to closeness to a critical point of Vf(zx + api)Tpr. A value of 1y, close
to one results in a “looser” or more approximate step. A Wolfe line search is able
to exploit sophisticated safeguarded polynomial interpolation techniques to provide
methods that are more reliable and efficient than those based on backtracking (see,
e.g., Hager [19] and More and Thuente [25]).

In a projected-search method, the function xy(«) defines a piecewise-linear con-
tinuous path, and the function f (mk(a)) is not necessarily differentiable along x ().
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In particular, f(zy(cr)) may have a “kink” at any o > 0 at which [py]; # 0 and
either [xg + apy |; = ¢; or [z + apy |; = u;. This implies that it is not possible to use
a line search based on the conventional Wolfe conditions. Thus, existing projected-
search methods are restricted to using a search based on satisfying an Armijo-like

condition along the path x(«). For the case where p, = —Vf(z), a commonly used
Armijo-like condition is
(1.3) fxe(ar)) < flar) +naViF(zr) " (ze(a) — a),

proposed by Bertsekas [2] (see also, Calamai and Moré [8]). However, for a general
Dk, this may not be a sufficient-decrease condition for a backtracking search as there
is no guarantee that the second term on the right-hand side of (1.3) is negative if
the path () changes direction. An Armijo-like condition that is appropriate for a
general descent direction py, is

(1.4) f(@e(ar)) < flar) + anaVf (@r) i

(see, e.g., Ni and Yuan [26] and Kim, Sra and Dhillon [20]). Throughout the following
discussion, (1.4) is referred to as the quasi-Armijo condition. If 4 and ¢ denote fixed
parameters such that v > 0 and o € (0,1), then a quasi-Armijo step has the form
ap = yo'*, where t;, is the smallest nonnegative integer such that the quasi-Armijo
condition (1.4) is satisfied. Other sufficient decrease conditions have been proposed.
For example, Bertsekas [4] considers an Armijo-like condition based on a combination
of (1.3) and (1.4), with the term (1.3) defined with components of a scaled steepest-
descent direction.

1.1. Contributions and organization of the paper. Several contributions
are made concerning the design and analysis of algorithms for bound-constrained
optimization. (i) A new framework is presented for the development of a general
class of projected-search methods for the solution of problem (BC). For any method
within the proposed framework, a descent direction dj is computed with respect to
a perturbed or extended active set (a similar set is used by Bertsekas [4]). The
vector di may be computed in many ways, e.g., using an exact or modified Newton-
like method or a quasi-Newton method. This direction is used as the basis for the
computation of a search direction pg, and an associated step length aj such that
f(proj o(zx + arpr)) < f(zx). (i) Methods within the proposed framework use
a quasi- Wolfe search, which is specifically designed for use with a piecewise-linear
continuous search path. The behavior of the search is similar to that of a conventional
Wolfe line search, except that a step is accepted under a wider range of conditions that
take into account steps at which f is not differentiable. As in the unconstrained case,
the quasi-Wolfe step can be computed using safeguarded polynomial interpolation
and the accuracy of the step can be adjusted. (iii) The convergence of any method
within the framework is established under assumptions that are typical in the analysis
of projected-search methods. In addition, it is shown that if a method converges
to a nondegenerate stationary point, then the optimal active set is identified in a
finite number of iterations. It follows that once the optimal active set has been
identified, any method within the framework will have the same convergence rate as
its unconstrained counterpart.

The paper is organized in seven sections. The standard results associated with
a conventional Wolfe line search are reviewed in Section 2. Analogous results are
established for the quasi-Wolfe search in Section 3. Details of the proposed framework
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are formulated in Section 4. The convergence properties of a sequence generated by
any method within the framework are established in Section 5. Section 6 concerns
the numerical performance of the proposed projected-search method when the descent
direction is computed using a limited-memory quasi-Newton method. Comparisons
with the state-of-the-art package LBFGS-B are also presented. The paper concludes
with a summary and conclusions.

1.2. Notation. The vectors e and e; denote, respectively, the column vector of
ones and the jth column of the identity matrix /. The dimensions of e, e; and I
are defined by the context. The subscript ¢ is appended to vectors to denote the ith
component of that vector, whereas the subscript k is appended to a vector to denote
its value during the kth iteration of an algorithm, e.g., x; represents the value for
2 during the kth iteration, whereas [z} ]; denotes the ith component of the vector
. The ith component of the gradient of the scalar-valued function f is denoted by
Vi f(z). The vector two-norm or its induced matrix norm are denoted by || - ||

2. The Wolfe Line Search. A typical Wolfe line search may be viewed as a
two-stage process. The first stage involves the determination of an interval containing
a Wolfe step, if one exists. The second stage locates a Wolfe step in this interval
using safeguarded polynomial interpolation. If the first stage fails, then the objective
function is necessarily unbounded below. The key principle that drives the first stage
is that certain conditions may be formulated that determine if an interval contains
a Wolfe step. Much of the discussion in this section is based on the work of Moré
and Sorensen [24], and More and Thuente [25]. More information may be found in
Wolfe [31]. The schematic description of the line-search algorithm given in Algo-
rithm 2.1 below follows that of Nocedal and Wright [27]. In order to simplify the
notation we omit the suffix k£ and consider the univariate function ¢(«) = f(z + ap)
for fixed vectors x and p. With this notation the Wolfe conditions (1.1) and (1.2) may
be written in the form

¢(e) < ¢(0) + anad’(0), and | (a)] < 1w ¢ (0)]-

Much of the theory associated with a Wolfe line search is based on the properties of
the auxiliary function

w(a) = ¢(@) = (¢(0) + ana¢’(0)),  with w'(a) = ¢'(a) —n.¢'(0).

Moré and Sorensen [24] show that a minimizer of this function at which w is negative
satisfies the Wolfe conditions. An example of a function ¢ and its associated auxiliary
function w are depicted in Figure 1.

The first stage of a Wolfe line search is motivated by the following proposition.

PROPOSITION 2.1. Let {a;}52, be a strictly monotonically increasing sequence
with ag = 0. Let ¢ and w be continuously differentiable univariate functions such that
#'(0) < 0 and w(a) = ¢(a) — (¢(0) + an,¢’(0)) with 0 < n, < 1. If there ezists a
least bounded index j such that at least one of the following conditions is true:

(a) a; is a Wolfe step;

(b) w(a;) = w(aj_1); or

(0) w'(ay) > 0,

then there exists a Wolfe step o* € [aj_1,0;]. Collectively, (a)-(c) are called the
stage-one conditions.
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Fic. 1. The graph depzcts gzﬁ(a)
the shifted function w(a) = — (¢
represents the affine functwn qzﬁ( )+«

= f(z + ap) as a function of positive «, with
(0) + ana¢’(0)) superimposed. The dashed line
Nad’

(0).

Proof. Observe that a,j_1 must satisfy none of the conditions (a)— ( ), otherwise j
would not be the least index. This implies that w(oj_1) < w(aj—2) < -+ < w(ap) =0
from (b), and w’(cj—1) < 0 from (c).

Case 1. If (a) is true, the proposition is true trivially.

Case 2. If (b) is true, let @ = sup{a € [a;_1, o] : w(B) < 0 for all B € [a;_1, 0]}
If @ = «j, then w(a) = w(a;) > wla;—1); if @ < «a;, then by the continuity of w,
w(@) = 0> w(aj—1). From the mean-value theorem there must exist an @ € (a;_1, @)
such that w'(@) = (w(a@)—w(aj—1))/(@—a;_1) > 0. The function w(«) is continuously
differentiable with w’(a;_1) < 0 and w’(&) > 0. The intermediate-value theorem then
implies that there must exist a step o* € [a;_1, @] such that w'(a*) = 0. Asw(a™) <0,
o is a Wolfe step.

Case 3. Finally, consider the case where (c) is true. If w(a) < 0 for all [a;_1, ],
then, as w’(j—1) < 0 and w'(a;) > 0, the continuity of w’ and the intermediate-value
theorem imply that there exists a step o € [a;_1, ;] such that w’'(a*) = 0. As
w(a*) < 0, a* is a Wolfe step. Otherwise, if there exists some a € [a;_1, ;] such
that w(a) > 0, let @ = sup{a € [aj_1, ;] : w(B) < 0 for all § € [aj_1,a]}. The
continuity of w implies that w(@) = 0. The same argument used in Case 2 may be
used to show that there must exist an @ € (a;_1, @) such that w'(&) > 0 and an
a* € [aj_1,a] such that w'(a*) = 0 with w(a*) < 0. a

Note that the converse result is not true, e.g., there may be a Wolfe step in the interval
[0, 1] even though none of the stage-one conditions are satisfied for j = 1. The
behavior of w(«) is unknown at any a € (0, o1 ). For instance, consider the univariate
function ¢(a) = —5a® + 2a? — Lo, for which w(a) = f§a3 + 202 — L1 —n4)a
If n, = 0.01 and 5y, = 0. 1 then none of the stage-one condltlons hold for oy = 1,
while @ = 0.5 € (0,7) is a Wolfe step.

If the first step «; is not a Wolfe step, successively larger steps are computed



until either one of the stage-one conditions is satisfied or j is such that a; = oumax. In
practice, amax 18 an upper bound imposed on the step and the search is terminated if
the bound is exceeded during the stage-one iterations. If a given a; does not satisfy
the stage-one conditions then w(a;) < w(aj—1) < -+ < w(ag) = 0. If the algorithm
reaches ;.. = Omax and none of the stage-one conditions have been satisfied, it
terminates with «;, . , which is an Armijo step with the least computed function
value.

Proposition 2.1 implies that if one of the stage-one conditions is satisfied at iter-
ation j, then the interval [a;_1, ;] must contain a Wolfe step. At this point the line
search terminates successfully if the stage-one condition (a) is satisfied, or moves on
to the second stage. The computations associated with the second stage are based on
the following result.

PROPOSITION 2.2. Let ¢ and w be defined as in Proposition 2.1. Assume there
exist distinct points cuow and amign such that
(a) w(oow) <0;
(b) w(aiow) < w(anign); and
(C) w’(alow)(ahjgh — Ot]ow) < 0.
Then there exists a Wolfe step a* € T, where I is the interval defined with endpoints
Qlow and Ohigh .

Proof. The proof is similar to that of Proposition 2.1, and is a special case of the
proof of Proposition 3.5. O

The conditions (a)—(c) of Proposition 2.2 are referred to collectively as the stage-
two conditions. The subscripts associated with the points ciow and apien serve to
emphasize the fact that w(aiew) < w(nigh)- It is not necessarily the case that cew <
Qthigh-

Algorithm 2.1 gives a schematic outline of a Wolfe line search. The calculations
required for a Wolfe line search may be organized into two “functions” associated
with the stage-one and stage-two conditions. If the first stage finds an interval that
contains a Wolfe step, the first-stage function labels the endpoints aiow and omign
based on relative magnitudes of w(a;_1) and w(e;), and calls the stage-two function
Stage_Two(ow, Qnigh ). The second-stage function interpolates the endpoints to cal-
culate a best-guess step, anew, in the interval. The second-stage function is called
recursively using apew and an existing endpoint, labeling them so that the stage-two
conditions hold for each call. This is repeated until ay,ey is a Wolfe step. In practice,
it rarely takes more than one or two interpolations to find a Wolfe step.

A practical implementation of a Wolfe line search is very complex. There are
many ways to interpolate to obtain a new point in the second stage. The use of finite
precision imposes the need for some sort of safeguarding during interpolation and
gives rise to a whole host of issues, including how to handle cases when the function
or step length are changing by a value near or less than machine precision. See, e.g.,
Brent [6], Hager [19], Ghosh and Hager [15], and Moré and Thuente [25] for more
details.

3. The Quasi-Wolfe Search. As projected-search methods perform a search
on the piecewise continuously differentiable function f(proj olzr + apk)), it is not
possible for such methods to use a conventional Wolfe line search. In this section we
consider a new step type, called a quasi-Wolfe step, that is designed to extend the
benefits of a Wolfe line search to projected-search methods.
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Algorithm 2.1 Schematic outline of a Wolfe line search.

1
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:

: function WoLFE_LINE_SEARCH(«)
restriction: a > 0;

constants: 7, € (0, %)7 Nw € Nas 1), Ye > 1, Omax € (0, +00);
@ < min{@, max}; Qold + 0;
while « is not a Wolfe step and « # sy do
if w(a) > w(aeq) then
a < Stage_-Two(,ld, ); break;
else if w'(a) > 0 then
a < Stage_Two(«, (g ); break;
else
Qold ¢ @5  « 4 min { Ve, Qmax }; [Increase « towards qmax]
end if
end while
return q;
end function

: function STAGE_TWO(tiow, Ohigh)
restriction: w(aow) < w(Ahign);
Choose opew in the interior of the interval defined by aiow and omigh;
if apew is a Wolfe step then
return aew;

else if w(apew) > w(ow) then
return Stage Two(Qow, Onew);

else if W' (anew)(high — Qlow) < 0 then
return Stage_Two(Qew, Chigh);

else
return Stage_Two(pew; Mow);

end if

end function

3.1. The quasi-Wolfe step. Performing a search on the univariate function

V() = f(ze(@)) = f(proj ok + apk)),

instead of ¢p(a) = f(xr + apk), is a substantially more difficult task because 1y, is
only piecewise continuously differentiable, with a finite number of jump discontinuities

in

the derivative (see Section 3.2 below). Propositions 2.1 and 2.2, established in the

preceding section, cannot be used to guarantee a Wolfe step in the nondifferentiable

ca

se because they use the mean-value theorem and require the line-search function to

be differentiable.

In the following discussion, the suffix k is omitted if the iteration index is not

relevant to the discussion. The definition of a quasi-Wolfe step involves the left and
right derivatives ¢’ (o) and 1)/ (o) of ¢ at a, which are defined as

A

Yl(a) = lim ¢'(8) and ¢ (a)= lim ¢'(8).

B—a~ B—a™t

DEFINITION 3.1. Let n, and 1y, be constant scalars such that 0 < n, < ny < 1.
step a > 0 is called a quasi-Wolfe step if it satisfies the quasi-Armijo condition

(C1) ¥(a) < ¥(0) +an, ', (0),



and at least one of the following conditions:
(C2) [ ()] < ny |y (0)];

(Cs) [ ()] < ny |41 (0)];
(Cy4) @ is not differentiable at o and ¢’ (o)) <0 <Y ().

Figure 2 depicts three examples of a kink point satisfying the quasi-Wolfe condi-
tions.

+i,¢/.(0)
/

.....\/ﬂ,“uz;;;(o)

Fic. 2. The figures zoom-in on the values of (oz7 w(a)) in the neighborhood of three
kink points. The left, center and right figures depict kink points satisfying conditions
(C2), (Cs3) and (C4) respectively. The value of the slope of each dashed line is
marked. The grey dashed line depicts the values of (a, ¥(0) + anav, (0))

The properties of the new search are characterized by extending the framework
for the differentiable case. In particular, the discussion makes extensive use of the
auxiliary function

(3.1)  wla)=1(a) = (¥(0) + an, ¥ (0)), with w(e)=1vL(a)—n,¥,(0).

The following lemma is used to establish the propositions below.

LEMMA 3.2. Let a, b € R be such that 0 < a < b, and assume that 6 is a univari-
ate, continuous, piecewise continuously differentiable function with a finite number of
Jjump discontinuities in the derivative.

(a) If 0’ (a) <0 and O(a) < O(b), then there exists an x € (a,b) such that

(b) If0' (a) <0 and 6" (b) > 0 then there exists an x € (a,b) such that

If 0 is differentiable at x then the inequalities in the conclusions of parts (a) and (b)
hold as equalities.

IN

0

IN

0 (2)

<
&
IN
o
IN

Proof. For part (a), let a = sgp < 81 < 82 < -+ < 8 < St41 = b, where sy,
S2, ..., St represent all the points in (a,b) at which 6 is nondifferentiable. First,
suppose that ¢ (y) < 0 for all y € (a,b). Then 6 is continuously differentiable and
nonincreasing within each subinterval [s;,s;41] for j =0, 1, ..., t. It follows that
0(a) > 0(s1) > -+ > 0(s¢) > 0(b). By assumption, this is true only when 0(a) = 0(b),
which implies that 6(a) = 6(s1). Thus, by Rolle’s Theorem, there exists an x €
(a,s1) C [a,b] such that 0'(z) = 0’ () = 0. Now suppose there is a y € (a,b) such
that ¢’ (y) > 0, and let z = inf { y € (a,b) : ¢/ (y) > 0}. Then z € (a,b), 8/, (x) > 0,
and ¢’ (z) = lim,_,,- 0 (y) < 0. For part (b), let z = inf {y € (a,b) : ¢ (y) > 0}.
Then z € (a,b), ¢, (x) > 0, and 0’ (z) = lim,_,,- ¢ (z) < 0. d
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The next result establishes conditions on f and {2 that guarantee the existence
of a quasi-Wolfe step at each iteration.

PROPOSITION 3.3. Let f be a scalar-valued continuously differentiable function
defined on {2 = {:1: ceR": /< zx< u} Assume that xg € §2 is chosen such that
the level set L(f(xzo)) is bounded, and assume that {py} is a sequence of descent
directions. If n, and nw are fived scalars such that 0 < n, <n,, <1, then at every

iteration k either there exists an agk) > 0 and an interval (oz(Lk), agk)) such that every

o€ (oz(Lk), asjk)) is a quasi- Wolfe step, or there exists a quasi-Wolfe step that satisfies

the condition (Cy).

Proof. We omit the suffix k and write ¥(a) = f(proj olz+ ap)). First, it will
be shown that there exists a positive scalar o such that the function w given in (3.1)
satisfies w(a) < 0 for all @ € (0,0). As ¢/ (0) = Vf(z)"p < 0 and 1, < 1, it must
hold that

W' (0) = (1 —n,)¥’(0) <0,

in which case there must be a scalar o (o > 0) such that w(a) < 0 for all « € (0,0).
It follows that there exists a o1 € (0,0) such that w(o1) < 0.

From the compactness of the level set L( f (xo)), () is bounded below by some
constant Yioy, i.e., () > Yoy for all o € [0,00). As 1(0) 4+ an, ' (0) = —oo as
a — 00, there must exist a positive oy such that ¢(0) + 097,19’ (0) = 10w, and we
have

W<U2> = ’(/}(0-2) - 1/)(0) - 0-277A¢£r(0) = ¢(02) - 1ﬁlow > 0.

Given scalars o1 and o2 (0 < 01 < 03) such that w(o1) < 0 and w(oz) > 0, the
intermediate-value theorem states that there must exist at least one positive « such
that w(a) = 0. Let 8 denote the least positive root of w(a) = 0, then w(a) < 0 for
all a € (0,0). As w(0) =0, w(B) =0, and '’ (0) < 0, by Lemma 3.2 (a), there exists
an ¢ € (0,8) such that

w () <0 <wl(§), or, equivalently, ¥’ (&) <n,¥)(0) < ¥, (£).

By construction, £ € (0,3), which implies that w(§) < 0, or equivalently, &
satisfies the quasi-Armijo condition (Cy). If ¥/, (§) < 0, then the inequality 7, < 9y
implies that £ is a quasi-Wolfe step that satisfies the derivative condition (C3). By
the piecewise continuity of v/, («), there exists an o, > 0 and an interval (a.,ay)
such that every a € (ay,ay) is a quasi-Wolfe step. Otherwise, if ¥, (§) > 0, then & is
a quasi-Wolfe step that satisfies the condition (Cy). |

The following result is analogous to Proposition 2.1 and motivates the first stage
of a quasi-Wolfe search.

PROPOSITION 3.4. Let {a;}5°, be a strictly monotonically increasing sequence
with ag = 0. Let ¥ be a continuous piecewise-differentiable univariate function whose
derivative has a finite number of jump discontinuities. Assume that ¢’ (0) < 0 and
define w(a) = ¥(a) — (¥(0) + an, ¥/ (0)) with 0 < n, < 1. If there exists a least
bounded index j such that at least one of the following “stage-one” conditions is true:
(a) a; is a quasi-Wolfe step;

(b) w(a;) = wlaj-1); or
(c) ' (a;) > 0,
then there exists a quasi- Wolfe step o € [a;_1, @ ].
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Proof. Observe that a;_; must satisfy none of the conditions (a)-(c), otherwise j
would not be the least index. This implies that w(oj_1) < w(aj—2) < -+ <w(ap) =0
from (b), and w’ (cj—1) < 0 from (c).

The first step is to show that

(32) w;(ajq) < 0.

If w'(aj—1) exists, then w’ (oj_1) = W’ (a—1) < 0. Ifw'(crj—1) does not exist, then (c)
implies that w’ (oj_1) = ¢’ (oj—1)—1,¢’ (0) < 0, in which case 9’ (aj_1) < 0 because
¥’ (0) < 0 by assumption. As (Cy4) cannot hold at a;_1, it follows that 1/ (a;;—1) < 0.
Now, if (C3) does not hold at aj;_; then ¢/, (a;—1) < 1,9/ (0) < 1,9/ (0). Thus,
W (1) = Y (1) — 0,4, (0) < 0. The inequality (3.2) is used in the proofs that
follow.

Case 1. If (a) is true, the proposition holds trivially.

Case 2. If (b) is true, let @ = sup{a € [a;_1, o] : w(B) < 0 for all B € [oj_1,0a]}.
If @ = aj, then w(@) = w(ej) > w(aj—1); if @ < «; , then by the continuity of w,
w(a@) = 0> w(aj_1). In either case, as W', (aj—1) < 0 by (3.2), part (a) of Lemma 3.2
implies that there exists an a* € [oj_1, @] such that
w' (o) <0< (a¥).
This implies that
Pl (a") <m0 (0) < ¥ (a”).

From the definition of &, a* satisfies the quasi-Armijo condition (C1). As ¢’ (a*) <0,
if ¢ (a*) > 0, then a* is a quasi-Wolfe step by (Cy). Alternatively, if ¥’ (a*) < 0,
then

My (0) <, (0) < 9 (@) <0,
and again, o* is a quasi-Wolfe step by (Cs).

Case 3. Finally, consider the case where (c) is true, ie., o’ (a;) > 0. By (3.2),
W (i) < 0. If w(a) <0 for all a € [aj_1, ], then either w’ (o;) = 0 such that
a; is a quasi-Wolfe step, or part (b) of Lemma 3.2 establishes the existence of a step
a* € (aj_1,a;) such that

w' (o) <0< (a¥),

and o satisfies the quasi-Armijo condition (Cp). Otherwise, there exists some step
a € [aj-1,q;] such that w(e) > 0. Let @ = sup{a € [a;_1, o] : w(B) < 0 for all
B € [aj—1,a]}. By the continuity of w, w(@) =0 > w(e;_1). It follows from part (a)
of Lemma 3.2 that there exists a step a* € [aj_1, @] such that

w' (o) <0< (a¥),
and o* satisfies the quasi-Armijo condition (C;). The same argument used for the
preceding case shows that o is a quasi-Wolfe step. 0

The second stage of a quasi-Wolfe search is based on the following proposition.

PROPOSITION 3.5. Let v and w be defined as in Proposition 3.4. Assume there
exist distinct points cuow and amigh such that
(a) w(aew) <0;
(b) w(alow) § w(ahjgh); and
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(c) W' (now) <0 if ow < Qnigh 07 W' (Cow) > 0 if ow > Qnigh,
then there exists a quasi-Wolfe step o € I, where I is the interval defined with
endpoints aigw and Omigh-

Proof. First, consider the case where aiow < amign. Let & = sup { ael:w(B) <
0 for all 8 € [ow, @] } By the continuity of w, w(@) = 0 > w(®iew). It follows from
part (a) of Lemma 3.2 that there exists a step a* € [auow, @] such that w(a*) < 0 and

w' (o) <0< (a¥).

The same argument used in proving Proposition 3.4 shows that o* is a quasi-Wolfe
step.

For the case quow > Qhigh, let W(a) = w(iow + nigh — ). Then &(anign) =
w(aiow) < 0, and &', (amigh) = —w’ (ow) < 0. Let & = sup { a€Z:w(B) <0 for all
B € [ahign, @] } The continuity of & implies that (&) = 0 > W(ahign). It follows from
part (a) of Lemma 3.2 that there exists a step f* € [anigh, @] such that &(8*) < 0
and

& (B%) <0 <& (B).

Let a* = quow + Qhigh — 8%, then a* € Z, w(a*) < 0 and
W' (a®) = —&,(B%) <0< —& (B*) =w ().

It follows that o* is a quasi-Wolfe step. ]

Although the implementation of a quasi-Wolfe search is similar to that of a Wolfe
line search, there are a number of crucial practical issues associated with the potential
nondifferentiability of the line-search function. These issues include the definition of
the derivatives of the line-search function and the computation of a new estimate of
a quasi- Wolfe step.

3.2. Derivatives of the search function. The purpose of this section is to
establish expressions for the left- and right-derivatives of the search function i (a) =
f(z(a)), where z(a) is the vector proj o(z + ap) with components

4 if z; +ap; <4,
zi(a) = < u; if z; + ap; > u;,

xi +ap; if 4 < x4+ aps < uge

First, we consider the derivatives of z(«). Under the assumptions that z is feasible
and « is positive, it must hold that if x; + ap; < ¢; then p; < 0, and if x; + ap; > u;,
then p; > 0. This implies that the right derivative of x(«) with respect to « is given
by
0 if z;(a) =4; and p; <0,
[/ ()i =140 if z;(a) =u; and p; >0,
p; otherwise.

The vector 2/, (o) may be expressed in terms of P,(p), the projected direction of p at
x, which is defined as

0 if x; =4; and p; <0,
[P.(p)]i =<0 if z; =u; and p; >0,

p; otherwise.



12

The vector P, (p) represents the projection of p onto the closure of the set of feasible
directions at x(«). If z(«) is differentiable at a point «, then

(3.3) 2’ (o) = 2!, (a) = Pyay(p)-
If z(«) is not differentiable at « then there must be at least one index i such that
(x; +ap; =4¢; and p; <0) or (x;+ ap; =u; and p; > 0).

An « satisfying one of these conditions is called a kink step with respect to i and it
also must hold that 2’ (o) # 2’ («). In order to compute the left derivative z’ (c),
consider the values of z/(3) as 8 approaches a from below. If « is a kink step with
respect to ¢ then x; + Bp; is feasible for all § sufficiently close to a and it follows
from (3.3) that z}(8) = p;. If this value is combined with the components of z}(3)
associated with the differentiable case, we obtain

{EC (a) = P:;(a) (p)7
where
- Di if o is a kink step with respect to ¢,
[Poey ()i = .
[Pya)(p)]; otherwise.

Next we consider the derivatives of the search function ¥(«). If ¥(«) is differen-
tiable at «a, then the chain rule gives

¥/(0) = 2 (a(a)) = VF (#(e) T () = T (a(a)) T ).

Using this expression with the expression (3.3) for z’(a) gives

’l/)/(Oé) = vf(x(a))TPx(a) (p)

If 9(c) is not differentiable at a, then « is a kink step and ¢’ (o) # ¢ (). For
any a, limg_, o+ 2'(8) = 2/, (), and limg_, - 2'(8) = 2_(a). It follows that the right-
and left-derivatives of ¥ (a)) with respect to « are given by

Y (o) = Vf(x(a))Tacﬁr(a) = Vf(ac(a))TPz(a)(p),
and
¥ (0) = VF (#(0)) "o (a) = VF (a(a)) " Py ().

These expressions imply that there is a jump of magnitude ‘ini f (x(a))| in the
derivative of ¢ at a kink step with respect to 3.

3.3. Computing a quasi-Wolfe step. As in the Wolfe line search discussed in
Section 2, a quasi-Wolfe search may be regarded as having two stages. The first stage
begins with an initial step length ag and continues with steps of increasing magnitude
until one of three things happens: an acceptable step length is found; an interval that
contains a quasi-Wolfe step is found; or the step is considered to be unbounded. In
practice, the search is terminated if the computed step length exceeds a preassigned
upper bound ay,ayx during the first-stage iterations. If the search terminates at quax
without finding an interval containing a quasi-Wolfe step, then every step computed
up to that point satisfies the quasi-Armijo condition.

If the first stage terminates with a bounded step, the second stage repeatedly
calls a function Stage _Two(ow, thigh), Where
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(a) the interval bounded by auow and anign contains a quasi-Wolfe step;

(b) among all the step lengths generated so far, ajoy gives the least value of w;

(c) amign is chosen so that W', (low) < 0 if (now < Qnigh, or W’ (uow) > 0 if iy >
Qthigh-

It must be emphasized that in practice, the stage-two calculations are not imple-

mented as a recursive procedure. The recursive structure depicted in Algorithm 2.1

is illustrative and reflects the fact that the intervals defined by aiow and amign form

a nested sequence. If Zy is the interval resulting from stage-one, the computations of

stage-two generate a sequence of intervals {Z;} and a sequence of points {a(?)} such

that o) € Z;, each Z; contains a quasi-Wolfe step, and Z; C Z;_;. The intervals Z;

form a nested sequence of “intervals of uncertainty”. Algorithm 3.1 gives a schematic

outline of a quasi-Wolfe search.

Algorithm 3.1 Schematic outline of a quasi-Wolfe search.

1: function QuAsI_WOLFE_SEARCH(«)

2: restriction: a > 0;

3: constants: 7, € (0,3), 7w € (14, 1), Ve > 1, tmax € (0,+00);
4: a  min{o, max};  @old < 0;

5: while « is not a quasi-Wolfe step and a # apax do

6: if w(a) > w(aca) then

7: a < Stage_Two(,ld, ); break;

8: else if w’ (o) > 0 then

9: a < Stage_Two(q, a,lq); break;

10: else

11: Qold — @; < min { Ve, Omax }; [Increase a towards qumax)
12: end if

13: end while

14: return q;

15: end function

1: function STAGE_TWO(iow, Ohigh)

2 restriction: w(wow) < w(Qhigh);

3: Choose oew in the interior of the interval defined by aiow and omigh;
4: if apew is a quasi-Wolfe step then

5: return apew;

6: else if w(apew) > w(ow) then

7 return Stage_Two(Qow, Onew);

8: else if W’ (anew) <0 and aiow < nigh then

9: return Stage_Two(Qmew, Xhigh);
10: else if W’ (anew) >0 and quow > amign then
11: return Stage_Two(Qnew, Chigh);
12: else
13: return Stage Two(Qnew, Qlow);
14: end if
15: end function

A major difference between a Wolfe and a quasi-Wolfe search concerns how in-
terpolation is used to find new steps in the second stage. Each time Stage_Two(aow,
Ohigh ) 1S invoked, a new trial step anew is generated. In the differentiable case, apew 1S
usually obtained by polynomial interpolation using the value of ¢ and its derivatives
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at aow and anign. If the univariate search function is only piecewise differentiable,
there may be kink points between aioy and omign, in which case a conventional in-
terpolation approach may not provide a good estimate of a quasi-Wolfe step. One
strategy to speed convergence in this situation is to search for the kink step (if it
exists) between aiow and anign that is closest to aiow. This approach is justified by
the following argument. If a new point ayey is not a quasi-Wolfe step, then based on
Proposition 3.5, the end points aiow and anigh are updated to aiew and omew in two
cases:
Case (1). w(new) = w(ow);
Case (2). W (anew) < 0 if anigh < Qlow, OF W (Anew) > 0 if anigh > ow-
In these cases, the new interval bounded by oy and apew will not contain a kink
step. In the remaining case:
Case (3). W' (anew) > 0 if apnigh < Qlow, OF W’ (Anew) < 0 if Ahigh > Qlow,
the new interval will be bounded by omjen and opew, but may contain kink points.
However, the new interval must contain at least one fewer kink point.

The search for the kink points proceeds as follows. The first time the function
Stage_Two(iow, (thigh) is invoked, the kink steps are computed in O(n) floating-point
operations (flops) from

(ug — x3)/p; if p; >0,
ki =4 (6 —xi)/pi if p;i <O,

As the interval bounded by aiow and anien contains a quasi-Wolfe step, only the kink
steps within that interval need be stored. These steps are then sorted in decreasing
order within O(nlogn) flops using a heapsort algorithm (see, e.g., Williams [29],
Knuth [21, Section 5.2.3]). The kink step closest to auew, say &7, is either the smallest
or the largest kink step within the interval of uncertainty, depending on whether ajow
is smaller or greater than amnign. Once k] has been found, the search for s} (I > 1)
is made towards aiow starting at the kink step s ; from the preceding iteration.
To prevent the iterations from lingering at Case (3) for too long, an upper limit is
imposed on the number of consecutive kink steps as trial steps. If this limit is reached,
a new trial step is generated by bisection.

Once all the kinks in the interval of uncertainty have been eliminated, conventional
polynomial interpolation may be used to generate a new step length. However, some
care is necessary to choose the appropriate left or right derivative for use in the
interpolation (see Section 3.2).

If there is just one kink step in the interval of uncertainty, apnew is set to be that
kink step. As the number of kink steps in an interval increases, it becomes more
difficult to strike a balance between making effective use of the knowledge they exist
and efficiency; for example, if an interval contains 106 kink steps, it is not practical
to jump to the middle one and repeat on each subinterval.

4. Framework for a Class of Projected-Search Methods. This section
concerns the formulation of a framework for the development of a general class of
projected-search methods for problem (BC). Given an initial zy € {2, the sequence of
iterates {x}, } satisfies zp11 = zr (o) = proj o(zr + agpr), where oy, is a quasi-Wolfe
step, and py is a descent direction for f at x;. The search direction py is based on
the components of a feasible descent direction dj computed in terms of a working set
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of indices at xy such that

Wk:{i:[xk]ig&-qLek and V;f(zg) >0 or

(4.1)
[zr]i > u; — ex and Vf(zr) <0 },
where ¢ is a fixed positive parameter €, and €, = min {e, | It Vf(x, ) H} for k> 1,
with II;_; the matrix of columns of the identity matrix of order n associated with
the indices in the complement of Wj_1 in {1, 2, ..., n } The matrix [T, IT,"
represents the projection P,  with respect to the set Wj_1, i.e., for any d € R™ it
holds that IT, ,II,' ;d = P,,  (d), with

0 if i€ Wy_q,
[Pkal(d>]7;: . . bt
d,j if Z¢Wk_1.

The search direction py, is defined in terms of any direction d, such that d,, = 11, 1T ];r dy,
and Vf(x1)Tdy < 0. Once dy, is determined, the components of dj, are modified if nec-
essary to give a search direction py such that [py |; = max{[dy];,0} if [xr]; < € + €k
and [pg]; = min{[d];,0} if [z ]; > u; — €. This additional step guarantees con-
vergence in the situation where iterates approach a boundary point from the interior
of the feasible region—a phenomenon known as zigzagging or jamming (see Bert-
sekas [3]). The vector py satisfies p, = II, IT ,;F Dy, and retains the descent property
of di. For example, if [dr]; # 0 and [zx]; < ¢; + €, then the definition of Wy
implies that V; f(xr) < 0. If [pg]; > 0 then [pr]; = [di]i. Otherwise, [d]; < 0
with V f(zg)[dr]; > 0, and setting [py|; = 0 makes the directional derivative more
negative.
The working set at xj is a subset of the extended active set, which is defined as

Aek(xk) = {i:[sck]i </{;+ ¢ or [-'L'k]z Zui—ek}.

It is shown in Section 5 that, under certain conditions, {ex} — 0, and A, (x) = A(z)
for k sufficiently large, which would imply that py = dj, for k sufficiently large.

A general projected-search method based on the proposed framework is summa-
rized in Algorithm 4.1. There are various choices for the direction di. For example,
if d,, = —II, II,'Vf(x,,), then the method is a variant of projected gradient. Other
choices include computing dj as the unconstrained minimizer of a primal-dual barrier
function (see Ferry et al. [13]), and as the solution of the subproblem

(4.2) minidmize Vf(zk)"d+ 2dTHyd  subject to d; =0 for all i € W,

where Hj, is a positive-definite approximation of the Hessian V2f(x},). For the numer-
ical experiments presented in Section 6, dj was the solution of (4.2) with Hy, chosen
as a positive-definite limited-memory BFGS approximation of V2f(xy) (see Ferry et
al. [12]).

5. Convergence Analysis. In this section we consider the convergence proper-
ties of the class of projected-search methods described in Section 4. As an introduc-
tion, we first consider the convergence of a method with a quasi-Armijo search, which
gives a step satisfying the condition (1.4).

THEOREM 5.1 (Projected search using a quasi-Armijo search). Let f be a scalar-
valued continuously differentiable function defined on 2 = {x eR": /<z<u }



16

Algorithm 4.1 Framework for a class of projected-search methods

constant: € > 0;
Choose g € 2;
Let g =¢; k=0;
while not converged do
Determine the working set W, (4.1);
Compute a feasible descent direction dj at xj such that [dy]; = 0 if i € Wy;
Modify dj to give a search direction pg:
max{[dk]i, 0} if [.%‘k ]1 < t; + ¢
[pr]i =  min{[d];,0} if [@x]i > u; — €
[d ] otherwise;
Compute a quasi-Wolfe step ax; xgp+1 = proj o(zx + arpr);
€k+1 = min {e, ||H,;FVf(xk)H},
k+—k+1;
end while

Assume that xo € §2 is chosen such that the level set E(f(xo)) is bounded, and {xy}
is defined by xp+1 = xi(ag), where oy is a quasi-Armijo step. For an arbitrarily fived
€ > 0, define eg = ¢, and

for k > 1, where each I} is a matriz with orthonormal columns that spans the set
of projected directions with respect to the working set Wy.. If {px} is a sequence of
descent directions with ||py|| < 0 for some constant 0 independent of k, I, I\ p;, = p,,
for all k, and the components of py satisfy [pr]i > 0 if [2x )i < b+ €k, and [pr]; <0
if [z ]i > u; — €k, then

lim |Vf(2i) pi| = 0.

k—o0

Proof. First, we show that limy_, |Vf(mk)Tpk| =0 if liminfg_, o ||H,;FVf(xk)H
is nonzero. Observe that the quasi-Armijo condition (1.4) implies that {f(zx)} is a
strictly decreasing sequence. As the set £(f(zo)) is bounded, it follows that {f(z))}
converges, with

0= lim (f(zx)— f(xrs1)) > lim opna|Vf(zr) "pi| = 0.
k— o0 k—o0

The proof is by contradiction. Suppose that |Vf(xk)Tpk\ 4 0 as k — oo, then
there must exist some € > 0 such that |Vf(xx)Tpr| > € infinitely often. Let G =
{k: |Vf(xr) Tor| > e} then it must be that ap — 0 for £ € G. For all k € G,
define the step S = ai/o. The hypothesis that lim infy_, HH Vf(x,, H # 0 implies
liminfg o0 € > 0. As {||p||} is uniformly bounded by 8 and lim infy_, o € > 0, there
exists k such that each component of Bypy satisfies |[ Brpx Ji| < ek for all k > k in G.
The assumptions on components of py, imply that [py ]; > 0 only if u;—[x ]; > €, and
[pr]i < 0onlyif [z ]; —£; > ex. It follows that for all k > k in G, £; < [xx + Brpk | <
u; and proj o (zx + Brpr) = Tk + Brpr-

Let G denote the indices & > k of iterations at which a reduction in the initial
step length was necessary, i.e., G = {k: >0, keG, kE>k } Since «y converges
to zero, G must be an infinite set. By definition,

f(ak + Bupr) = f(proj o(zx + Brpr)) > flxx) + BrnaVf(zx) T pr, forall keg.
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Adding — B¢ Vf(x1) pr to both sides and rearranging gives

f(ae + Bepr) — f(@r) — BVf (wr) "ok > —Br(1 = 1) VS (@) "o
(5.1) > Br(1 —n,)eE, forall keg.
The Taylor expansion of f(xy + Bxpr) gives

1
(5.2) f(antBupn) —f (an) — BuVf (o) i = B /0 (VF (e -+7Bupe) — Vf (2x)) Ty dr.

If || - || » denotes the norm dual to || - ||, i.e., |||, = max,zo [z v|/|v]], then

|(Vf @k + 7Brpk) — Vif (@) "or| < IVf (ke + 78kpr) — VI (@) |0 || pxl|-
If this inequality is substituted in (5.2), it then follows from (5.1) that

1
(1—na)e< /0 (Vf(xk + TBKpK) — Vf(xk))Tpk dr
< max ||Vf(zx + 78kpr) — Vf(2r)|ollpell, forall k€ G.

—0<r<1
The continuity of Vf implies that there exists some 75 € [0, 8] such that
max |[Vf(zx +78kpr) — VF(zn)llo = [VF(@r + mepr) = Vi (zx)| .

0<r<

Then
(5.3) (1 —na)e < [IVf (k. + epr) — V(@) o l|lpx |-

However, agpr — 0 implies 7;xpr, — 0 for k € G, and the continuity of Vf gives

(IVf(zk + Trepr) — Vf(2k)||p — 0.

As {||px]|} is uniformly bounded above by 6, the right-hand side of (5.3) converges to
zero, which gives the required contradiction.

Next it will be shown by contradiction that every convergent subsequence of
{IVf(zr)"pr|} converges to zero regardless of the value of liminfy_,o || II;FVf (z,)||-
As II 11 p, = p,, for all k,

(5.4) |Vf($k)Tpk| = |vf(xk)THkﬂl;Fpk|

for all k. Suppose that there exists a convergent subsequence of {|Vf(xy)Tpr|}, say
{|Vf(xkj)Tpkj|}, that converges to a positive value. Then by (5.4), the sequence
{IVf(z, )TII, IIEp, |} converges to a positive value. As {||px|} is bounded by a
constant 0, o

lim inf ||H13;Vf(:ck7,)|| > 0.

]*}OO - -

Applying the previous arguments to the subsequence {|Vf (xk].)Tpk]. |} gives
hm |Vf($kJ)Tpk]| =0,
j—oo

which is a contradiction.
As the level set L£(f(z¢)) is bounded, {|Vf(zx)Tpx|} is a bounded sequence. It
follows that

lim inf | Vf (xx) T pr| = limsup | Vf (xx) Tpr| = 0.
k—o0 k—o00

Therefore, limy, o |Vf(z1) Tpr| = 0. 0
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THEOREM 5.2 (Projected search using quasi-Wolfe search). Let f be a scalar-
valued continuously differentiable function defined on 2 = {x eR": /<z<u }
Assume that o € 2 is chosen such that the level set L(f(x0)) is bounded, and {xy}
is given by 41 = xp(ar), where ay is a quasi- Wolfe step. For an arbitrarily fized
€ >0, define g = ¢, and

H/cT—1Vf(9%—1)H}~

for k > 1, where each I} is a matriz with orthonormal columns that spans the set
of projected directions with respect to the working set Wy. If {px} is a sequence of
descent directions with ||py|| < 0 for some constant 0 independent of k, I, I\ p;, = p,,
for all k, and the components of py satisfy [pr]i >0 if [2x]i < b+ €k, and [pr]; <0
if [xk]i > u; — €k, then

€ = min {6,

lim [Vf(zx) "pr| = 0.
k— o0

Proof. First, we show that limy_, o |Vf(2x) Tpx| = 0if liminf,_, o HH,;PVf(xk)H ;él
0. The first quasi-Wolfe condition (Cy) is equivalent to the quasi-Armijo condition,
and the arguments in the proof of Theorem 5.1 may be used to show that {f(xy)} is
a convergent sequence. This implies that

lim aka(xk)Tpk =0.
k—o0

The proof is by contradiction. Suppose that |Vf(zx)Tpx| 4 0 as k — oo, then
there exists some € > 0 such that |Vf(z)) pr| > € infinitely often. Let G = {k :
|Vf(xr)Tpr| > €}, then it must be that ap — 0 for k € G. As {||px|} is uniformly
bounded above by 0, agpr — 0 for k € G.

If the quasi-Wolfe condition (Cs) is satisfied, then

Vi (2 (k) T Py (o) (k) = =10 |V (21) Tps -
Similarly, if the quasi-Wolfe condition (Cj) is satisfied, then
Vf (@) T Pogar) (k) = 0 > =0 [Vf (1) Tpil-
In either case, as Vf(x;) pr < 0, it must hold that
Vf (zk(ar)) " Poyan) Pr) = Vf (z) "o = (1=1w) IV (@) o] > (1—nw )€, for k € G.
The application of the triangle inequality yields
0 < (1—nw)é <|Vf(ze(an) " Py iar) r) — Vi (zi) " |

< |V (@r(n) " Pog o) (k) — Vi (@1) " Py (ar) (P5)]
(5.5) + |V (@) " Poy(an) (Pr) — Vf () "] -

Let || - ||» denote the norm dual to || - ||, then
|V (2 (k) " Pryan) (o) = VI (28) T Py (P
< IV (zk(e)) = VI (@i ol Poiar) (i)l < IVS (wrlaw)) — Vif (@) || o Pl

As Vf is continuous and ||pg|| is uniformly bounded, the right-hand side of this in-
equality must converge to zero for k € G, which implies that

‘Vf(xk(ak))TPrk(ak)(pk) - Vf(:rk)Tsz(%)(pk)’ —0, forkeg.
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Basic norm inequalities give

Vf ()" Py () (o) = VI (2x) "pi| < VS (@) |0l Pey (e (Pr) — i
= [IVf (@)l ol Prsar) (Pr) = Py (Pr)l-

As the level set E( f (xo)) is bounded, and the gradient Vf is continuous, the se-
quence of dual norms {||Vf(zg)||p} is uniformly bounded. The hypothesis that
lim infy_ HH,;FVf(xk)H 2 0 implies lim infy_, o, € > 0. Also, because

|k (cr) — zpll < [lawprll = 0, for k € G,
there must exist an k such that for all k> k in G,
[xk(ak) — ﬂjk]z < €k.

From the assumptions on the components of pj, it must hold that for all £ > k in G,
[pr]i <0 only if [zg]; > ¢; + €k, in which case [zx(ag)]; > €;; and [pg]; > 0 only if
[zk]i < u; — €, in which case [zg(ag)]; < u;. It follows that, for k € G sufficiently
large,

ka(ak)(pk) = Pa?k (pk) = Dg-

Therefore,
IV (@)l | Po o) (Pr) = Po(Pr)ll = 0, for k € G,

and consequently
|Vf (1) " Py (o) (Pr) = Vf (1) Tpr| — 0, for k€ G.

It follows that the right-hand side of (5.5) converges to zero for k € G, which gives
the required contradiction.

It remains to consider the case where the quasi-Wolfe condition (Cs) is satisfied,
ie.,

Vf(xk(ak))TPg;k(%)(Pk) > —nw | Vf (@) T prl-

The assumption that Vf(z;)Tpr < 0 gives

Vf(xk(ak))TP’

zg (o)

(pr) =V (zr) Toe > (1—=nw)|Vf(26) Tpr| > (1—nw)e, fork€g,

which implies that

0 < (1—ny)é< ’Vf(xk(ak))TP;k(ak)(pk) - Vf(a:k)Tpk’
< |97 (@1(@0)) TPy, 0 () = VI (@1) Py 0 (00

(5.6) |V (k) TPy o (1) = VF k) T

The definition of the dual norm yields

9 (21(00)) " Py, 0y () = T (1) P o (0]
< 19 (xx(0n)) = V@) o1 Py oy ()| < 19 (2x(0) — VF G o e
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From the continuity of Vf and uniform boundedness of ||pg||, the right-hand side of
the above inequality converges to zero for k € G, which means that

‘Vf(ack(ak))TP’

zi(ar)

(k) — Vf(xk)TP;k(ak)(pk) — 0, for keg.

Also,

9 0) Py, oy () = Vo) "] < INF ) ol P oy () —
— I @) 511P;, oy (1) — Py (21

As the level set E( f (xo)) is bounded, and Vf is continuous, it must hold that the
sequence of dual norms {||Vf(zx)||5} is uniformly bounded. Also, as

lzr (o) — x|l < ||owpr| = 0, for ke g,

arguments analogous to those used to establish convergence in cases (Cs3) and (Cy)
give
)(pk) = Py, (p) = p;, for k € G sufficiently large,

a:k(ozk.

in which case
IV (@)l Py, an) (PE) = Poy (Pe)ll = 0, for k€.

This implies that

Vf(xk)Tng(ak)(pk) — Vf(xx) pr| =0, for keg.
It follows that the right-hand side of (5.6) converges to zero for k € G, which gives
the required contradiction.

Finally, the same arguments from the proof of Theorem 5.1 imply that

lim |Vf(zy) pe| =0
k— oo

regardless of the value of liminfy,_, o HU,CTVf(J;k)H O

Based on the framework described in Section 4, the limit limy_, o0 |Vf(21) Tpr| = 0
implies that

(5.7) lim |Vf(zx)"d,| =0,
k—o0

which would further imply that the projected gradient, II, I, ,;F Vf(x,), converges to
zero for an appropriate choice of dy. For example, if d, = —II, II;' Vf(x,), or dy, is
the solution of the subproblem (4.2) with the two-norm of the projected approximate
Hessian, ||II,} H, IT, ||, uniformly bounded, then it may be verified that (5.7) implies
that |[II,'Vf (zy)|| — 0.

Under the nondegeneracy assumption defined below, any algorithm based on the
proposed framework for which |11, Vf(z,)|| — 0 will identify the optimal active set
in a finite number of iterations.

DEFINITION 5.3. A point x* € {2 is a stationary point of (BC) if V;f(x*) = 0
for b < xf <, Vif(z*) >0 for zf =¢; and 4; < u;, and V;f(z*) <0 for z} = u,;
and ¢; < u;. A stationary point x* is nondegenerate if V; f(z*) > 0 for af = ¢, and
4 < i, and Vi f(z*) <0 for ¥ =wu,; and {; < u;.

)
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The next result shows that a projected-search method with either a quasi-Armijo
or quasi-Wolfe search will identify the optimal active set in a finite number of itera-
tions.

THEOREM 5.4. In addition to the assumptions of Theorem 5.1 or Theorem 5.2,
assume that {xp} converges to a nondegenerate stationary point x*. Consider the
extended active set

Ae, (x) = {z[zk]z <Uli+ep or [z zuifek}.

If LIV (zg)| = 0, then Ae, (z1) = A(zy) = A(z*) for all k sufficiently large.

Proof. First, we show that A(z*) C A, (z) for k sufficiently large by contradic-
tion. Assume the opposite is true, then there exists ¢ € A(z*) such that i ¢ A, (zx)
for an infinite subsequence K, which implies that i ¢ Wy, for all k € K. It follows that

Vif ()| < |1 Vf ()] for k € K.
As f is continuously differentiable and ||II,' Vf(x,)|| — 0, letting k — oo in K gives

V) = Jim VS (@] =0
This contradicts the nondegeneracy of x*.

Now we show that A, (z) C A(z*) for k sufficiently large. If ¢; = u;, a simple
argument gives i € A, (zx) and i € A(xz*). Consider an index ¢ such that £; < w,.
From the definition of €, the assumption || II;}' Vf(z,)|| — 0 implies that e, — 0.
Hence, for k sufficiently large, ¢; + e < u; —eg. If i ¢ A(x*), then £; < [2*]; < u;. As
{zr} = z* and e — 0, €; + € < [x1]; < u; — € for k sufficiently large, which implies
that i ¢ A, (x)). Therefore, if i ¢ A(x*), then i ¢ Ap(xy), i.e. A, (z) C A(z*) for
k sufficiently large. We conclude that A, (zx) = A(x*) for all k sufficiently large.

It remains to show that A(zy) = A, (zx) for k sufficiently large. Obviously
A(zy) C A, (zg) for all k. Tt is trivial if £; = u;. Now consider the case where ¢; < u;.
Note that {xx} — =* implies limy o0 || Tk+1 — k]| = 0. As limp—y o0 (u; — €41) — (4 +
€r) = u; — 4 > 0, |[Tp+1 — 2k Ji] < (u; — €p1) — (b + €) for k sufficiently large.
Suppose kg is such that, for all k > ko, A, (zr) = A(z*) and |[zr41 — 2 i < (w; —
€k+1) — (£; + €x). The inclusion A, (zr) C A(xy) for all k > ko is established using a
contradiction argument. Assume that there exists i € A, (zx) = A(z*) for all k > ko,
but i ¢ A(xy) for some k > ko. Then either ¢; < [z ]; < liteg or ui—er, < [z ]i < u;.
If the inequality ¢; < [x;]; < 4; + €; holds, the definition of py in Algorithm 4.1
implies that [pgz]; > 0, and it must be the case that ¢; < [23]; < [25,1)i- In
addition, |[@g,; — 25 )i| < (ui — €541) — (0 + ) implies that [a7, )i < wi — €54,
Asi € Ac,,, (Tfy1), it must hold that ¢; < [xg]; < [2gy1]i <4 + €54q. Inductively,
for all k > k, £; < [z3]; < [zr]i < € + ek, which implies that [2*]; > [x]; > 4.
A similar argument shows that if u; — e < [x}]; < wi, then [2*]; < [z5]i < u;. Tt
follows that ¢ ¢ A(x*), which contradicts the assumption that i € A, (z) = A(z*)
for all k > ko. Therefore, A, (z1) C A(xy) for all & > kg, which completes the proof.0

A simple example shows that the nondegeneracy of a stationary point is necessary
for identifying the optimal active set in a finite number of iterations. Let f : R? = R
be given by f(z) = |z|? and let 2 = {z € R?* : > 0}. For this problem
z* = (0,0)T is a degenerate stationary point and the global minimizer of f over

2. Assume that the step length oy < 1 for all k£, and let € = % Starting from
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xo = (1,1)T, the projected-gradient method gives

k

.’Ek:H(].—

=0

o

k-1
1
a;) <1> , and ¢, = %ka,lH = ¥ H (1 — %aj)
=0

for k > 1. Then {z}} converges to the degenerate stationary point 2*, and

k k—1
[on]i=T[0 = 20) > 22 [ (1 - 20y) =, i=1.2
j=0 j=0

for all k > 1. It follows that A, (x) = 0 for all k, although A(z*) = {1,2 }.

6. Numerical Experiments. In this section we illustrate the numerical per-
formance of the projected-search methods described in Section 4. All testing was
done on problems taken from the CUTEst test collection (see Bongartz et al. [5] and
Gould, Orban and Toint [18]). As of July 1, 2020, the CUTEst test set contains 154
bound-constrained problems of the form (BC). Although many problems allow for the
number of variables and constraints to be adjusted in the SIF data file, our tests used
the default dimensions set in the CUTEst distribution. This gave problems ranging
in size from BQ1VAR (one variable) to WALL100 (149,624 variables).

The practical effectiveness of the quasi-Wolfe search was evaluated by running
two limited-memory quasi-Newton methods, one with a quasi-Wolfe search and the
other with a quasi-Armijo search. The resulting implementations, LRHB-qWolfe, and
LRHB-gArmijo are based on the Fortran package LRHB (see Ferry et al. [12]). In the
quasi-Wolfe search, the kink steps are sorted in decreasing order in O(nlogn) flops
using a heapsort algorithm (see, e.g., Williams [29], Knuth [21, Section 5.2.3]), adapted
from a Fortran implementation by Byrd et al. [7]. For LRHB-qWolfe, the Armijo
tolerance 7, was set at 10~* and the Wolfe tolerance 7,, = 0.9. In LRHB-gArmijo,
14 = 0.3. The scalar € was set to the machine precision in the expression for € in the
calculation (4.1) of the working set.

In order to provide some measure of the efficiency of the projected-search method
relative to a state-of-the-art method for bound-constrained optimization, the solvers
LRHB-gWolfe and LRHB-gArmijo were compared with the limited-memory method
LBFGS-B (Byrd et al. [7], Zhu et al. [32], and Morales and Nocedal [23]). All three
solvers were applied to the 154 bound-constrained problems from the CUTEst test
set. The runs were terminated at the first point x, such that
(@) 1Py (= Vf(@r))lle £107°(1 + [ f(27)) and
(b) [f(zr) = flzr-1)| < 107€,, x max{ |f(@r)], | f(zr-1)], 1 }§ or
©) [Per (= Vf(@e) o < verr
where €,, is the machine precision. In the first iteration of the algorithms, only
condition (c) is tested. A nonoptimal termination was signaled by the violation of a
time limit of 3600 seconds, a limit of 108 iterations, or an abnormal exit because of
numerical difficulties.

The solver LRHB-gArmi jo failed on nine problems, with six failing because of nu-
merical difficulties (BLEACHNG, BQPGAUSS, BRATU1D, GRIDGENA, RAYBENDL, WALL10, and
WEEDS). LRHB-qWolfe failed on six problems, with four failures caused by numerical
difficulties (GRIDGENA, PALMER5SE, PROBPENL, and WALLlO). LRHB-qWolfe identified
problem BRATU1D as being unbounded. For both solvers, CYCLOOCTLS and WALL50
could not be solved within the one hour time limit. In the cases of numerical diffi-
culties, the search algorithms were unable to compute an appropriate step. We note
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that for LRHB-qWolfe, the run for PROBPENL terminated at a near-optimal point that
satisfied condition (a) and ||Py,.( — Vf(27))[loe = 1.99 x 1077, The solver LBFGS-B
failed on 16 problems. Seven failures were caused by numerical difficulties (BQPGAUSS,
BRATU1D, GRIDGENA, PALMERSA, PALMERSB, PALMER7A, and WALL10), seven problems
exceeded the iteration limit (CHEBYQAD, PALMER1E, PALMER2E, PALMER3E, PALMERAE,
PALMERGE, and PALMERSE), and two problems exceeded the time limit (CYCLOOCTLS
and WALL50). More details of the runs are given by Ferry et al. [14].

Limited-memory methods are designed to avoid the cost of updating a full n x n
approximate Hessian or its inverse. This implies that the linear algebra associated
with each iteration is negligible for large problems and the overall cpu-time is dom-
inated by the cost of the function evaluations. The function-evaluation performance
of the solvers is summarized using performance profiles (in log, scale), which were
proposed by Dolan and Moré [10]. Let P denote a set of problems used for a given
numerical experiment. For each method s we define the function 75 : [0,7,,] — R*
such that

bl

1
me(T) = — ’{p € P :logy(rps) < T}
p

where n,, is the number of problems in the test set and r, ; denotes the ratio of the
number of function evaluations needed to solve problem p with method s and the
least number of function evaluations needed to solve problem p. If method s failed
for problem p, then 7, is set to be twice of the maximal ratio. The parameter r,,
is the maximum value of log,(r, s). Figure 3 gives the performance profiles for the

Performance Profile (funs)

% problems solved within 27 of best

—— LRHB-qArmijo
—=LRHB-qWolfe
++++ L-BFGS-B
0.0 T T T T T T T

F1a. 3. Performance profiles for the number of function evaluations required to solve 154 bound-
constrained problems from the CUTEst test set. The left figure gives the profiles for the solvers
LRHB-gWolfe and LRHB-gArmijo. The right figure gives the profiles for the three solvers LRHB-gWolfe,
LRHB-gArmijo, and LBFGSB [7].

154 problems for LRHB-qWolfe, LRHB-qArmijo, and LBFGS-B. Additional information
about the runs used to generate the performance profiles is given by Ferry et al. [14].
The results indicate that using a quasi-Wolfe search in LRHB resulted in a substantially
better performance with respect to function calls than using a quasi-Armijo search,
and comparable and more robust performance with respect to LBFGS-B.
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A benefit of the Wolfe conditions in the unconstrained case is that the restriction
on the directional derivative guarantees that the approximate curvature (Vf (Ty1) —
Vf(ack))T(ka — xy,) is positive, which is a necessary condition for the quasi-Newton
update to give a positive-definite approximate Hessian. In the bound-constrained
case, the use of a quasi-Wolfe projected search makes it more likely that the update
can be applied, but it is not possible to guarantee an update in all cases. If the
next iterate is given by zp11 = proj(xr + arpr), where ay is a quasi-Wolfe step,
then (Vf(zrs1) — Vf(@r)) T (@41 — o) need not be greater than zero if the path
proj o (xk + axpr) changes direction for some « € (0, o). If it does change direction,
¢’ (0) and ¥’ (ay) may be directional derivatives of f in a direction other than xy; —
xj. This situation is illustrated in Figure 4, which depicts a two-dimensional region
with lower bounds 2; = 0 and x2 = 0. In this example ¢, (0) is a directional derivative
of f in direction [pg |1 and ¥’ (ag) is a directional derivative of f in direction [pg ]a.
As a result, if the path changes direction for « € (0, ), then there is the possibility
that the quasi-Newton update must be skipped.

x1:0

Tpy1 = proj o(wr + aipr)

$Q:0

Fi1G. 4. Ezample with no guarantee of an update for the approrimate Hessian.

It is shown in Section 5 that if {x}} converges to a nondegenerate stationary point,
then a quasi-Wolfe search identifies the active set at the solution in a finite number of
iterations. After the active set stabilizes, a quasi-Wolfe search behaves exactly like a
Wolfe line search in the sense that updates to the approximate Hessian are guaranteed
if f(zx + apy) is bounded below.

To estimate how often the update is likely to be skipped with the quasi-Wolfe
search, statistics were collected from the test problems for which at least one of the
search paths was “bent” by projection. The application of LRHB-qWolfe resulted in
259 of the potential 637268 updates being skipped (= 0.04%). This can be compared
to 6537 of the 679071 updates being skipped (= 1.0%) for LRHB-gArmijo. (The
number of updates reflects the number of iterations needed for convergence.)

7. Summary and Conclusions. A framework for the development of a gen-
eral class of projected-search methods for bound-constrained minimization has been
proposed. Methods within this framework compute a descent direction with respect
to an extended active set and utilize a new quasi-Wolfe search that is appropriate for
a function defined on a piecewise-linear continuous path. The behavior of the line
search is similar to that of a conventional Wolfe line search, except that a step is
accepted under a wider range of conditions. These conditions take into consideration
steps at which the restriction of the objective function on the search path is not differ-
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entiable. As in the unconstrained case, the quasi-Wolfe step can be computed using
safeguarded polynomial interpolation and the accuracy of the step can be adjusted.
Standard existence and convergence results associated with a conventional Wolfe line
search are extended to the quasi-Wolfe case. In addition, under a nondegeneracy as-
sumption, any method within the framework will identify the optimal active set in a
finite number of iterations. It follows that once the optimal active set has been iden-
tified, any method based on the proposed framework will have the same convergence
rate as its unconstrained counterpart.

Numerical results indicate that a projected-search method implemented with a
quasi-Wolfe search can require substantially fewer function evaluations compared to
the same method with a quasi-Armijo search. Moreover, a particular method based
on a limited-memory quasi-Newton method to obtain the feasible descent direction is
shown to be competitive with the state-of-the-art package LBFGS-B.

Acknowledgments. The authors would like to thank two referees for construc-
tive comments that significantly improved the presentation.
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