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Abstract

This paper concerns the design of tensegrity structures with optimal mass-to-stiffness ratio. Starting from an initial
layout that defines the largest set of allowed element connections, the procedure seeks the topology, geometry and pre-
stress of the structure that yields optimal designs for different loading scenarios. The design constraints include strength
constraints for all elements of the structure, buckling constraints for bars, and shape constraints. The problem formu-
lation accommodates different symmetry constraints for structure parameters and shape. The static response of the
structure is computed by using the nonlinear large displacement model. The problem is cast in the form of a nonlinear
program. Examples show layouts of 2D and 3D asymmetric and symmetric structures. The influence of the material
parameters on the optimal shape of the structure is investigated.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

A tensegrity structure is a prestressable truss-like system involving string elements capable of transmit-
ting loads in one direction only. Admissible connections between elements are ball joints, and external loads
can be applied only at the joints. Hence, all elements of the structure are axially loaded only, which greatly
simplifies their static and dynamic modeling. This also enables the choice of materials and element geom-
etry to be specialized for axial loads, and split further in materials optimized for compressive, and tensile
stresses, and strains.
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Recent increased interest in tensegrity structures is a result of their favorable properties. The extensive
use of mechanically superior materials specialized for tensile loads allows the design of lightweight recon-
figurable structures. Skelton and Adhikari (1998) recognized that tensegrity structures enable the integra-
tion of several functions within the same element. For example, string elements, that traditionally serve as
load carrying members can also serve as actuators to control the structure as demonstrated by Masic and
Skelton (2005). The current level of tensegrity technology development is characterized by the existence of
successful dynamic models developed by Murakami (2001) and Skelton et al. (2001), and control strategics
studied by Sultan et al. (2000, 2002), Masic and Skelton (2005) and Kanchanasaratool and Williamson
(2002). A significant amount of research has been invested in tensegrity form-finding and rigidity analysis
that can be characterized as static problems. This includes work of Pellegrino (1992), Motro (1992), Hanaor
(1991), Connelly and Terrell (1995), Connelly and Whiteley (1996), Vasart and Motro (1999) and Masic
et al. (2005).

As lightweight controllable structures are typically the target applications for tensegrities, there is a crit-
ical need for systematic methods for their optimal design. The contributions in this paper are motivated by
the limitations of available methods. The optimization of the topology of structures has been studied for a
long time (see, e.g., Save et al., 1985; Rozvany and Prager, 1989). Several approaches for numerical opti-
mization have been proposed including those of Bendsoe and Kikuchi (1988), Diaz and Bendsoe (1992)
and Bendsoe (1995), with recent approaches being free material modeling studied by Ben-Tal et al.
(1999), and the optimization of trusses studied by Ben-Tal and Nemirovski (1997) and Jarre et al.
(1998). In order to accommodate the specifics of tensegrity structures, our formulation of the problem
includes tensegrity existence conditions that parameterize the prestressed equilibrium of the structure.
Practical considerations require incorporating constraints that preserve structural integrity by preventing
different modes of failure of its elements. In contrast to the optimization of trusses, analogous to that
of Jarre et al. (1998), where the optimization starts from a fully populated grid, our formulation does
not specify the maximum set of allowed geometries of the structure because nodal positions are actually
design variables. This approach is essential for tensegrity optimization problems that must include a simul-
taneous search for a prestressble tensegrity form. We also consider the influence of different material
parameters on the optimal topology.

The paper is organized as follows. In Section 2, we parameterize the equilibrium and static response of a
structure and define the optimization variables and constraints. In Section 3, the problem is formulated as
a nonlinear program and we derive the Jacobian of the nonlinear constraints. Several examples given in
Section 4 are discussed in Section 5. We finish with some conclusions in Section 6.

2. Formulation of the problem

The objective of this analysis is the design tensegrity structures that have the maximum stiffness for a
given mass of material. The total volume v, can be used to fix the mass under the assumption that all
elements are composed of the same material.

Let the set N of n, nodes of a tensegrity structure be given, and let the position of each node v; € N be
defined by the nodal vector p; € R?. Let P denote the set of all nodal vectors. Assume that the set E of n,
elements of the structure are given, and let F; and F, denote the subsets of ng strings and n;, bars respec-
tively. We use the notation e; = {[v;, v],z} € E to indicate that element ¢; connects nodes v; and v, where
the scalar z; identifies the type of the element, with

1 for ¢; € [,
zZ; = (1)
—1 fore; € E.
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2.1. Tensegrity equilibrium

If the element vector g; € R* associated with the element e; = {[vj,vk], z;} 1s defined as
g =p,—p with g, =1,
then the element force vector f;; € R? representing the contribution of the internal force of the element e; to
the balance of the forces at the node v; can be written as
£ = cidig, with f; = Zillg| = 4ls, 2)
where the element force density /A, is a scalar. The scalars ¢; in (2) are typical elements of the matrix

C(E) € R™" and can take on one of the three possible values: ¢;; = %1 or ¢; = 0.
Let R" denote the vector space of vectors x that have the following structure:

xeR =x"=[xI xI - xI'|], x,€R" R"=RJ.

The vectors of nodal vectors p € R3", element vectors g(E,p) € Ry, and force densities A € R™, together
with the vector z € R™ are formed by collecting the node vectors p;,, element vectors g;, force densities 4,,
and individual element type identifiers, according to the definition

pT: [plT pgn]’ gT: [ng gze}, - (A o nl, z=[z1 - z.]
We define the linear operator (%) acting on the vector x € R! as follows:

x := blockdiag(xy, ..., X;,...,X,) € R""  x; € R".
Similarly, the linear operator () acting on the vector x € R" is given by

X=xX®1; € R

Let the member-node incidence matrix of the oriented graph associated with E be denoted by
M(E) € R™*™, and let M € R"*™ be defined as M = M ® I5. A typical element m;; of the matrix M is
m;; =1 if the element e; terminates at the node v;, and m; = —1 if the element e¢; emanates from the node
v;. Otherwise m;; = 0. If we assume that the n, string elements in [ appear first, then the vector g and matrix
M are related and partitioned as follows:

T
p) _ |:gs(p):| ZMp, M= ls ‘|) S€R3n“X3ns.

2 (p) B"
Similarly, it can be shown that the matrices M(E) and C(E) = C(E) ® I5 are related as follows:
ST
M = lBT ,  C=[-S Bl

Throughout, it will be assumed that the string elements of the tensegrity structure are numbered first, so
that the vectors (-) € R of all different properties associated with the elements of the structure can be par-
titioned so that

(')S ng n

O=[] oeri Operr
O

For a given configuration p, let f;f(p) € R® and fj(p) € R® represent the respective collection of external

force vectors and constraint forces acting at the node v;, i.e.,

f”:[ij £ f”}, fCT:[f‘IT £ f;j]

ny
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It follows that the equilibrium conditions for the structure with properly loaded strings in the configuration
p can be written as:

Ci(p)Mp + f(p) + f<(p) = 0, (3)
2(p) =0, e €l (4)

2.1.1. The constitutive equations

The relationship between the force—density variables A(p) and the actual structure parameters depends
on the strain—stress relationship for the material used to build the elastic elements of the structure. The
force densities A(p) at any equilibrium configuration p can be computed from Hooke’s law for linear elastic
materials. We define the volumes v,, rest lengths /, and Young’s modulus y; of cylindrical elements and
form the corresponding vectors Iy € R™, v € R™ and y € R™, such that

Lo, U N
102 ]0S U A b%) A
10 = . = s V= . = s y = . = .
: b, : AL : Yo
lonc U”e y nn

Then the force densities can be computed as

coy _Np) oy
A,-(p)—ll_(p)—z, L) (Zi(p) = lo,)- (5)

Note that constraint (4) is then equivalent to
—(li(p) — 1ly,) <0, e €k, ©)

2.1.2. Equilibrium conditions in the absence of external forces
If there is no external load, then f°(p) = 0 and the equilibrium condition in (3) becomes

Ci(p)Mp + f(p) = 0, (7)
—(lLip) = 1,) <0, eck, (8)
where A(p) is given by (95).

2.2. Large displacement static response—the loaded equilibrium conditions

Once the external force f° is applied to the structure in an equilibrium configuration p, it deforms to a
new equilibrium configuration, p + u. The vector of nodal displacements u € R}" such that

u'=[uf uw - u]

nn

can be computed without any assumptions on the size of the displacement u; € R* of the node v,. Eq. (5)
defines the equilibrium force coefficient vector A(p + u) in any equilibrium configuration p + u, and this
relationship holds regardless of the magnitude of u. It follows that nodal displacements u of the loaded
structure can be computed directly from the structure equilibrium conditions in the configuration p +u
instead of being defined using a linearization method involving the structure stiffness matrix. From (3),
substituting (4) with (6), equilibrium conditions for the configuration p + u become
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CL(p+u)M(p +u) +f(p +u) +f(p+u) =0, )
- (ll(p+u) - 10[) g 07 e € IEsa (10)

where A(p + u) is given by (5). The constraint in (10) guarantees that the string elements are not compressed
in the new equilibrium.

The relationship between the nodal displacements u and the external forces f¢ in (9) is nonlinear,
although the elements of the structure are linear elastic. The nonlinear structure model in (9) parameterizes
all equilibrium configurations of the structure under the external force f°, regardless of whether or not the
configuration is unique. It can be seen that the non-uniqueness of the equilibrium geometry p + u resulting
from global buckling or other nonlinear effects is also accommodated by this model.

2.3. Defining the optimization objective and identifying design variables

2.3.1. The objective function

Different criteria can be defined to measure the structure stiffness. One possible measure is the work done
by the external forces f° in deforming the structure from configuration p to p + u. The inner product, %f”u,
is an approximation of the deformation work and will be called the approximate compliance since it is com-
puted from the nonlinear structure model (9). Computed values of the approximate compliance, %feTu, are
generally lower than the compliance %fﬂu', if the nodal displacements, u', are computed from the linearized
structure model. This is because of the nonlinear stiffening effect.

If the approximate compliance is used as the measure of the stiffness, only the nodal displacements of the
nodes at which the external forces act are penalized. An elliptical norm u’” Qu with Q > 0 can be used as the
stiffness measure to penalize other nodal displacements.

2.3.2. The design variables

For a tensegrity structure with connectivity [, it is clear from (3), (4), (9), (10) and (5) that the parameters
that define its static response u are the nodal vector p, element rest lengths 1y € R™, and element volumes
v € R™. These three structure parameters are variables in the optimization problem. The domains of their
feasible values are l, > 0 and v > 0. Note that although the presence of the element ¢; in the set E defines the
allowable element connections in the structure, it is value of the volume v; > 0 that actually defines whether
or not an element is present. For a structure consisting of elements built of the same material, the constraint
that fixes the total mass is written as »_ v; = Uioral-

2.3.3. The treatment of symmetry

For efficiency, the number of problem variables must be reduced to account for any symmetry in the
design. With the structure parameters identified so far, there are two classes of symmetry. The first symme-
try is the nodal symmetry. It can be shown that the nodal symmetry constraint can be cast in the following
linear form:

p = Z%p,

where the matrix # depends on the particular type of nodal symmetry and is defined in Masic et al. (2005).
Obviously, the nodal symmetry constraint represents a reduction in the number of independent geometry
variables from p € R3" to p € Ry, where the vector p is the nodal vector of the subset of nodes N € N. The
second symmetry is the symmetry of the sets of parameters I, and v associated with the elements of the
structure. It can also be regarded as a reduction of the number of variables and cast in the linear form

10 = El_05 V= EXa E € R"lexﬂe’ 107! € Rﬂea



4692 M. Masic et al. | International Journal of Solids and Structures 43 (2006) 4687-4703

where the sparse matrix E relates the vector of different typical elements with the full vector of the variables.
It is possible to define other symmetries of the structure. Symmetry of the external force and nodal displace-
ments are two such examples. These additional symmetries will not be exploited in the problem formulation
because they are not independent of each other, and if they are not defined consistently they can define con-
straints with no feasible point.

2.4. Shape constraints and boundary conditions

2.4.1. Shape constraints

A desired shape of the structure can be specified before external forces € are applied to it by defining a
general shape constraint of the form ¢(p) = 0. To ensure that the tensegrity structure can be supported at
the desired locations and that the external load can be attached to it at specified locations, the tensegrity
structure in the configuration p = #Zp must satisfy the shape constraints in the linear form,

C

Pp =p,

where P and p°© are a given matrix and vector.
There are also geometry constraints involving a restriction on the minimum length of an element, i.e.,

lz(p) > lmin,-a lz(P +ll) > lminlw

One reason for this constraint is the difficulty of manufacturing structures with elements that are too short.
As the elements of the constraint Jacobian involve the inverse of the element lengths, this constraint also
serves to guarantee that the constraint Jacobian is well defined.

2.4.2. Treatment of the boundary conditions

The only constraint on the structure displacements u that will be considered here is the consequence of
attaching the nodes of the structure to linear supports. In this case the admissible nodal displacements must
satisfy the linear constraint

Cu=0,

where the structure of the constraint matrix C, € R"™** depends on the type of supports that the structure
is attached to. It can be shown that the constraint forces, f°(p), in any configuration p, are the vectors in the
left range space of the matrix C,. Hence, f(p) can be written as

(p) = C;2°(p) (11)

for some choice of Lagrange multipliers A° € R™. Assume that only n. independent boundary conditions
are defined, in which case the matrix C, has full row rank. Let the singular-value decomposition of C,
be written as

T
1

C,=Uxr"=u[z, 0] [ =ux\v{, C,=VzU",

2
vut=0"U =1, wr=yty=1.

An equivalent formulation of the equilibrium conditions (9) and (3) can be derived by using (11) in these

equations and multiplying them from the left with the orthonormal full rank matrix ¥*. This gives

"

4

U

(CA(p)M(p) +f°(p)) + o ]W(p):(l (12)
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It is clear from (12) that the solution can be split into two parts. The Lagrange multipliers A° do not appear
in the first set of equations

V3 (Ch(p)M(p) +1°(p)) = 0,
whereas the second set of equations

VI(CLp)M(p) +f(p)) + Z U A5 (p) = 0
can be solved directly for the Lagrange multipliers A° and the constraint forces f°, i.e.,

2(p) = —UZ VT (Ch(p)M(p) + £°(p)),

f°(p) = C;A°(p) = —~CLUZT VT (CL(p)M(p) + f(p)).

2.5. Strength constraints

All elements of a tensegrity structure must be prevented from yielding in order to preserve structure
integrity in both the unloaded configuration p and the loaded configuration p + u. Constraints that prevent
yielding can be defined by applying Hooke’s law to the axially loaded elements, i.e.,

- ll(p) - lOi

&(p)y; = zi Iy Y < oy
Li(p+u) — I
&(p+u)y, = Zi%yi S

i

where g; is the yield stress of the element e;. An equivalent form of these constraints is
z(li(p) — lo,)y; — oo, < 0,
z(L;(p+u) — lo,)y; — 0:l, < 0.

Additional constraints account for the fact that bar elements are allowed to be under tension
yi(li(p) = lp,) = lo,0 <0, ¢ €[y,
yi(i(p+u) —1y,) —lp,0 <0, e €k,

2.6. Buckling constraints

Buckling constraints are applied to bars only because bar elements are the only elements that may be
compressed. The maximum magnitude, fiax, Of the compressive force, f;, that the bars can be loaded with,
is defined by Euler’s formula

2
i yilmin,-
Iy

f;gf;nax; = 5 (13)

where iy, 1s the minimal moment of inertia of the cross section of the element. Assuming that all bars have
a round cross section with radius r;, the quantity I, is defined as
4

o
]min,- = TI .
Then, using
2 Ui

T

TCI()I ’
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the quantity /i, can be computed as

v?

Iminv =—. 14
" anll (14)
From (2), (5) and (14) after manipulating (13), the bar buckling constraint can be rewritten as
T
_lé(ll(p) - lOi) - Zvi < 0, e; € [Ep.

The buckling constraint must be satisfied in both the unloaded configuration p and the loaded configura-
tion p + u. It follows that:

T
— Ig(Li(p) — 1o,) — i

— L(Li(p+u) —Iy,) —

07 e € [Eb7

<
T
Zvigo, e € [Eb.

3. Nonlinear program formulation

Enforcing strength and buckling constraints for zero volume elements may produce conservative results.
Hence, these constraints should be relaxed by multiplying them by the element volume v;. The optimal mass-
to-stiffness ratio optimization problem for the tensegrity structure of the connectivity E, made of the material
{y,0}, loaded with external force f°, and defined shape and displacement constraints is written as

Given data C(E),M(E),z,y,f°,C,, V2, P,p*, %, E, 0, Viota,
10 min s i Inin
minP*lOvXau faT“v
subject to
linear constraints: Pp =p°,
=l +lomin < 0,
-v < 0,
(11 - 1]V—=0m =0,
Cu=0,

nonlinear constraints: ¢(p) =0,
V3Ci(p)Mp = 0,
VICL(p +uwM(p +u) + VIff =0,
_GS(IS(I)) - 10,-) < Oa
—Vs(L(p+u) —1,) <0,
=1(p) + Inin < O,
=1(p+u) + i <O,
v(zy(l(p) — L) — aly) <O,
Vo (¥ (Ib(p) — lo,) — Guky,) <0,
V(zy((p +u) — L) —aly) <O,
Vo (¥ (Ib(p +u) —1o,) — avlo,) <O,

2

—Vo(ly, I (p) —Lo,) —5vb) <O,
- 2
_Vbaob (lb(p + ll) - lob) - %Vb) <0,
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where p = 2p,  1:(p) = [|&(p) I,
ly =El, v=Ey,
Z,'y-l)l’
%(p) = ——— (Li(p) — lo,)-
L(p)15,

3.1. Jacobian of the nonlinear constraints

g(p) = Mp,

4695

The Jacobian of the nonlinear constraints is given in the following matrix, where ¥ denotes x = x(p + u):

[ S¢(p)/dp
yTCiM — vTcgy, T g'cT
yIciM - vicgsi,' 1 g ¢’
Vi 'g's”
W, gt
i'g'™
~—l_T

-1 gM

vy : g™
WSyl B

7wl a'M
Vo S’bi; 1 éEBT

—¥ol, 1, &'B"

2=l
—¥l, 1, g,B"

3.2. Solution method

0

vTcgayv(—21," +1,°1 )

-3

vICgzyv(—2], il
,Cezyv(-21, +1,'1 )

YoV — GuVp

N

Yo¥b — G Vb
(31, — 2l o),

2 ~ =
(310b — 210blb)vb

0 0
Tnaai-2il 5 =
V,Cgzyl, 1 (1-1)) 0

PO, = R ~ - ~—1=3.
vicg, 1 (1-1,) vIcaM—vicgyi, 1 g C"

—(,—1y,) 0
~( -y, vl gs”
0 0
0 g™
z5(1—1) — e 0
yb(ib_i()b)_iob&b 0
w1 —1y) — & #wil M

- T < o3 l=ToT
Yoo —1lo,) — 1o, 6% Vo¥uly, &,B
92 < -

i (I —To,) — ¥ 0

2 = ~ - S
Iy, (1 — ;) — 5 ~oly, I, B"

The solutions for the example problems given in the following section are obtained using the SNOPT 6.1
software package for sparse nonlinearly constrained optimization (see Gill et al., 1997, 2005). The package
uses the sequential quadratic programming (SQP) method. All constraint Jacobians and objective gradients
were made available during the execution of the code in its sparse mode. The SNOPT package has several
features that are exploited in the optimization of tensegrity structures.

e The package exploits general sparsity in the constraint Jacobian matrix (see Fig. 1).
o As the iterations proceed, SNOPT builds a quasi-Newton approximation to the second-derivatives of the
Lagrangian function. No second derivatives need be provided by the user.
e SNOPT computes a feasible point for the linear constraints and simple bound constraints before eval-
uating the nonlinear constraint functions. Once the linear constraints are feasible, they are never allowed

to go infeasible.

o If the nonlinear constraints are infeasible, SNOPT will find a point that locally minimizes the one-norm

of the nonlinear constraint violations.
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20

140

nz=1162

Fig. 1. Typical sparsity pattern of the Jacobian of the nonlinear constraints excluding general shape constraint for symmetric problem.

Numerical optimization methods have already been applied to large deformation static analysis of struc-
tures. Unlike the unconstrained energy minimization method used by Coyette and Guisset (1988) for anal-
ysis of large deformations of cable networks, our approach uses an explicit formulation of equilibrium
conditions of unloaded and loaded prestressed structures. These equilibrium conditions actually character-
ize stationary points of the energy functional in the aforementioned work.

4. Examples
4.1. Asymmetric planar cantilevered tensegrity beam under bending load

The tensegrity structure in Fig. 2 illustrates the result of applying the optimization algorithm to the 2D
tensegrity cantilevered beam. This tensegrity beam is constructed from three planar tensegrity crosses, with
an aspect ratio of seven. The structure is attached to the fixed supports at the two leftmost nodes. The struc-
ture is loaded with a unit vertical force acting at the top right node. In the initial symmetric configuration
the structure satisfies all the design constraints.

Depending on the initial guess for the variables in the problem the optimization algorithm found differ-
ent optimal solutions with the same value of the objective function (see Fig. 3). The optimized structure in
Fig. 3 has very similar geometry p as the optimized structure in Fig. 2, but significantly different distribution
of the variables ly, and v. For example, the total rest length of the elements are significantly different in these
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E=100, 6=5, X/=56.2926, Tv=100, f*'u=8.7337e-1 E=100, 6=5, [=52.7111, xv=100, f*'u=2.9093e-1
1
051
0
-0.5F
1k i H H H i ; i
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Fig. 2. Initial vs. optimized tensegrity beam design in loaded state, showing deformation under load. Legend: green (light gray)—slack
strings, red (dark gray)—compressed bars, black (blue)—stretched strings. (For interpretation of the references in colour in this figure
legend, the reader is referred to the web version of this article.)

E=100, =5, ¥ /=48.2842, >v=100, f*'u=2.911e-1

Fig. 3. Non-uniqueness of the optimal structure—an alternative optimal structure.

two optimal structures, i.e., Y lo = 52.7111, and }_ 1, = 48.2842, respectively. The set of active constraints
(the inequality constraints satisfied with equality) in these two optimal configuration are also different. Ob-
serve that only two strings are marginally slack in the second example, compared to four strings in the first
example. The slightly different values of the objective function can be attributed to the fact that the opti-
mization algorithm is terminated when the necessary conditions for optimality are satisfied to within a
small user-specified tolerance.

From these results we conclude that:

e optimal topologies are highly asymmetric;
e there exist more than one optimal structure;
o class-two tensegrity topologies where some bars touch each other are advantageous.

4.2. Symmetric planar cantilevered tensegrity beam under bending load

In the example of Fig. 4 additional symmetry constraints are imposed. The initial and optimized struc-
ture are depicted in the undeformed configurations. The nodal position vector, p, and the distribution of the
parameters ly, and v, admit symmetry with respect to the horizontal axis of the structures. The structure is
attached to the fixed supports at the two leftmost nodes. The unit vertical force is applied at the top right
node. The length, L, of the structure is fixed, so that the y-coordinate, of the nodes at the end of the beam,
defined by d is a free variable. Observe that an equivalent formulation of the yield strength constraint may
be obtained by dividing it by the yield stress o. Hence, this material parameter is substituted in the problem
with the material yield strain, ¢/y, that modifies the direction of the constraint Jacobian. Increasing the
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y=100, 6=16, X 1=43.8707, = v=100, f* u=5.2717e-2 y=100, 0=16, [=28.9772, Xv=100, f* u=7.7476e-4

L Lo 4
€ v Lo optimal
r
150 1.5p
1t 1
y
0.5r 0.5F
0 o o £
g
©
-0.5+ -0.5} -
1 1 ]
-1.5+ -1.5}
b
r T e S
¢ 0.5 1 1.5 2 2.5 3 35 q 0.5 1 1.5 2 25 3 355
L L

Fig. 4. Initial vs. optimal aspect ratio L/d of symmetric tensegrity beam.

value of the material ¢/y ratio, effectively makes the yield stress constraint less restrictive with respect to
other constraints. Larger values of the yield strain correspond to rubber-like materials that can undergo
large elastic deformation, whereas the small yield strain pertains to the more traditional, metal-like, engi-
neering materials.

The material Young’s module y and the yield strain o/y are varied to investigate their impact on the
parameters that characterize overall shape of the optimal design of the two stage tensegrity beam. These
shape parameters are defined in Fig. 4. The results shown in Fig. 5 lead to the following conclusions:

e Overlap ratio, Lo/L, between stages exhibits a significant sensitivity to the variation of both y, and ¢/y in
the neighborhood of ¢/y = 0.1. Outside this region, it monotonically increases with the increase of the
yield strain, ¢/y, and is not sensitive to the variations of y.

e The truncation ratio, d/L, of the structure monotonically decreases with the increase of the yield strain,
a/y, and is not sensitive to the variations of y.

The increase of the overlap ratio between stages, with the increase of the yield strain, is consistent
with the analytical result of Jager and Skelton (2001), which shows that the stiffness of the planar tensegrity
beam, without any additional constraints, is optimized when stages completely overlap, i.e., when Ly/L = 1.
Note that increasing the yield strain ¢/y makes the feasible domain larger, and the analysis becomes similar
to the unconstrained stiffness analysis in the work of Jager and Skelton (2001).

4.3. Symmetric tensegrity tower under compressive load
The symmetric tensegrity tower design in Fig. 6 is obtained by optimizing the geometry of the modified

two stage shell-class tensegrity structure. This structure with the connectivity defined by Skelton et al.
(2001), is modified by including the additional strings in the connectivity scheme. A symmetric compressive
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Fig. 6. Initial vs. optimal tensegrity tower under compressive load.

load is applied at the top nodes of the structure. The bottom nodes of the structure are attached to the fixed
supports. From this example, we may infer the following:
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e Class-two tensegrity towers for which the bars of the adjacent stages are connected at a node are superior
in stiffness to class-one structures for which the bars do not touch.

This result is to be expected since the path of the load transmission from the top of the structure to the
supports is shorter in this case.

4.4. Optimal number of stages
In this section, the optimal number of stages of a planar tensegrity beam is investigated. As in the two
previous planar examples, the tensegrity beam is supported at the two leftmost nodes and loaded with the

unit vertical force acting at the top-right node. The shape of the structure is constrained to admit the sym-
metry with respect to the horizontal axis. Tapering of the stages is not allowed. All stages have the same
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shape, and their positions in the structure can be characterized by the one-dimensional lattice formed of the
centers of the stages, as indicated in Fig. 7. The families of curves depicted in Figs. 7 and 8 are generated by
running a sequence of optimization problems, in which the number of stages of the tensegrity beam varies
between one and the first value at which a loss of constraint feasibility occurs.

From these results the following may be inferred:

e For a fixed material, the optimal number of stages decreases as the beam aspect ratio, d/L, increases, and
the sensitivity is large for the larger ratio d/L.

e For a fixed beam aspect ratio d/L, and Young’s module y, the optimal number of stages increases as the
material yield strain ¢/y increases, but the sensitivity to the yield strain variation decreases.

e For a fixed beam aspect ratio and a fixed material yield strain ¢/y, the optimal number of stages increases
as the Young’s module y increases, and the sensitivity to this variation decreases.

5. Discussion

Our results show that class-one tensegrity structures with a discontinuous network of compressive
elements are more favorable for materials with a high yield strain. This may explain why these configu-
rations occur in some biological structures, and the success of class-one tensegrities in modeling
cytoskeleton (see, e.g., Coughlin and Stamenovi¢, 1997; Wang et al., 2001). The benefit of utilizing class-
one structures is twofold. Not only can they undergo larger shape changes as shown in Masic and Skelton
(2002), but as we have shown here, this can be accomplished at no stiffness penalty for certain materi-
als. This is a clear advantage for biological systems that predominantly utilize materials with high yield
strains.

By inspecting the stiffness matrix of prestressed structures given by Masic et al. (2005) and Masic and
Skelton (in press), it can be shown that increasing prestress in a structure affects its stiffness. Moreover,
the sensitivity of the stiffness matrix condition number to this change increases as the material yield strain
increases. This leads to the conclusion that a significant stiffening of a structure because of the prestress may
be expected only in structures of materials with relatively high yield strains. Most biological materials be-
long to this category, which may explain a noticeable sensitivity of the cytoskeleton stiffness to prestress
change, as several researchers have verified, e.g., Stamenovic et al. (1996).

In class-one tensegrity structures with the minimum feasible number of elements, there usually exist soft
eigenmodes of the stiffness matrix. If these structures are not significantly prestressed, their stiffness matrix
has a very high condition number. There are three ways to stiffen these soft modes:

e increase the prestress;
e add extra elements to remove the soft modes; or
e change to a class-two structure.

We investigate these three options for structures of different material yield strains.

For a low material yield strain, increasing the prestress has the effect of moving small eigenvalues of the
symmetric stiffness matrix away from zero, but the magnitude of the increase relative to the eigenvalues of
the high stiffness modes is negligible. This is because the large eigenvalues of the stiffness matrix are
proportional to Young’s modulus y, whereas the eigenvalues associated with the soft modes are propor-
tional to the prestress o. This prestress at its highest allowed value (yield stress) is still very small compared
to Young’s modulus. Adding extra elements to the structures requires allocating extra material to build
them. Hence, the third option of using a class-two structure seems most favorable for structures of a
low material yield strain.
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In structures with materials that have high yield strain, the significant contribution of the prestress
explains why class-two structures are not inferior to class-one structures. By using a smaller number of
elements to allow more material to be allocated for remaining elements, in conjunction with a significantly
increased prestress, it is possible to obtain an efficient structure with a well-conditioned stiffness matrix.

As is well known, some geometric configurations yield superior stiffness properties. Our results indicate
that there also exist configurations that lead to a larger impact of the prestress, which in some materials
predominantly contributes to the structure stiffness. Our results identify those configurations for the tenseg-
rity beam.

6. Conclusions

Tensegrity structures have been around for fifty years, without the necessary analytical tools to make the
tensegrity paradigm an effective engineering alternative. This paper takes a large step toward improving this
situation, by providing an optimization methodology. Unlike methods that only find feasible tensegrity
geometries, this paper proposes a systematic procedure for designing optimal tensegrity structures. An
important contribution of this paper toward deriving more advanced tensegrity design tools, was the inclu-
sion of yield and buckling constraints of structural members. The choice for the design variables and the
way that the constraints are formulated clearly display their interconnections and suggests efficient ways
of scaling the constraints to improve efficiency of the numerical optimization algorithms.

One of the novelties introduced in this paper is the utilization of optimization methods for solving
nonlinear static response problems associated with large nodal displacements. In addition to a higher accu-
racy in predicting a static response of a structure, this method enables efficient solutions of the problems in
structures that have ill-conditioned or even singular stiffness matrices at no additional cost. It also indirectly
incorporates global buckling as a possible mode of the deformation of the structure.

There is no guarantee that the results shown here represent global optimal solutions because of the non-
convex nature of the optimization problem. In some instances, repeated solutions increased our confidence
to draw several general conclusions. This paper demonstrates that,

e optimization of tensegrity topology and geometry, cast in the form of the nonlinear program, is
effectively solvable; and

e if the problem is feasible, the optimization approach is an appropriate design tool that guarantees a
monotonic stiffness improvement compared to the initial design.
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